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0. Introduction

We begin with three examples:

Example 1. You are in New York City, just got a cab — you get in. The
meter shows $1.50. This is a flat rate, as the driver says. Now every % of a
mile will cost you $0.25. The graph is shown in Figure 1.

Cost ($)
o— o
o— o
°
1
0 L % % distance
Figure 1

Example 2. Have you called your friend in Paris, France from NY? The
current AT&T full rate is $1.71 for the first minute and $1.08 for every
additional minute. This data is shown on the graph in Figure 2.

Cost ($)
3.87T
2.79—T
1.71 p——@
0 1I 2I ?I) time (min.)

Figure 2
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Example 3. Imagine that you operate a truck fleet. Observe that the
distance travelled by a truck corresponds to a certain amount of money spent
on fuel. Conservative estimates show about 10 miles per gallon. Assume
1 gallon of fuel costs $1.00.

If we place the distance (in miles) on the z-axis and the cost (in $) on
the y-axis then the function f : [0, +00) — [0, +o0) is given by f(x) = [{5],
x > 0; where x — [x] is the ceiling function, which returns the smallest
integer that is not less than its argument, i.e. [a] = min([a,+00) N Z).

What do these three examples have in common? In each instance we
replace the actual distance, or time, as in Example 2, by the cost.

Let X be a nonempty set. We say that a function d : X? — [0, +00) is a
metric, if the following axioms are met for each z,y,z € X:

(M1) d(z,y) =0iff z =y,
(M2) d(z,y) = d(y, ),
(M3) d(z,y) <d(z,z)+d(z,y) (the triangle inequality).

The pair (X, d) is called a metric space. It is essentially a set in which it is
possible to speak of the distance between each two of its elements.

Formalizing the above discussion we have the following general problem:
Given a metric d, we shall refer to d as ‘the old metric’. We will consider
functions f : [0, +00) — [0, +00) such that the composition ¢, defined by:
((z,y) = f(d(z,y))

is a ‘new’ metric.

Probably the first example which comes to mind is the ceiling func-
tion  +— [x]. In fact, such a composition will produce a metric (see the
following theorem).

Theorem 1. (See Kelley [33], p. 131.) Let f be a real-valued function
defined for nonnegative numbers, and such that f is continuous, (the conti-
nuity of [ is needed only for the equivalence of d with , see Theorem 3.2),
nondecreasing and satisfying the following two conditions:

(1) fla)=0<a=0, and
(2) fla+) < f(a) + f(b), for cach a, b.
Let (X,d) be a metric space and let {(x,y) = f(d(z,y)) for each x,y € X.

Then (X,() is a metric space and the metrics d and { are topologically
equivalent.
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Corollary 1. Let (X,d) be a metric space and let

C(z,y) = [d(z,y)] for each z,y € X.
Then (X, () is a metric space.

Proof. Let f :[0,400) — [0, 4+00) be defined by f(x) = [z]. (See Fig. 3.)
Let a,b > 0. Since [a] € Z, [a] > a, and [b] € Z, [b] > b, we have

[a] +[b] € Z, [a]+[b] >a+b.

Thus
[a] + [b] € [a + b, +00) N Z,

which yields

[a+b] = min([a + b, +00) NZ) < [a] + [b].

y=[z]
o—=9
o———— 0
L]
0 1 2 3
Figure 3

Corollary 2. Let (X,d) be a metric space and let

__d(=,y)
C(z,y) = T+ d(z.9) for each z,y € X.

Then (X,() is a metric space and the metrics d and ¢ are topologically
equivalent.

Proof. Let f:]0,+00) — [0,+00) be defined by (see Fig. 4)

fz) = , (z20).
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Figure 4
Let a,b > 0. Then
a-+b a b a b
b) = = < = b).
Mot = " Tras T Trast S13a 15/ @H/O)
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1. Preliminaries
Let (X,d) be a metric space. For each f : [0,4+00) — [0,400) define a
function df : X2 — [0, +00) as follows

d¢(z,y) = f(d(z,y)) for each z,y € X.

d

X2 [0, +00)

We call a function f : [0,+00) — [0, +00) metric preserving iff for each
metric space (X, d) the function dy is a metric on X. For example, we can
derive a bounded metric from a given metric by the function z — = (see
Corollary 0.2). This idea is used in the construction of the Fréchet metric

on a product of a countable family of metric spaces, i.e.

oz, y) = iQ,i . di(xi, yi)
7 P 1+ di(zi, ys)

Denote by O the set of all functions f : [0, +00) — [0, +00) with

F710) = {o}.

We call such functions amenable. It is easy to see that every metric pre-
serving function is amenable.

Let us recall that a function f : [0,4+00) — [0, +00) is said to be subad-
ditive if it satisfies the inequality

fle+y) = f@) + f(y)
whenever z,y € [0,400). (See [31] and [53].)

In the following we show an importance of subadditivity in our investi-
gations. This theorem first appeared in Wilson’s early paper [67].
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Wilson’s Theorem. Let f € O be such that
a,b,c>0 and a < b+ c imply
fla) < f(b) + f(c).
Then f is metric preserving.
This theorem can be expressed somewhat differently. (See Theorem 0.1.)

Theorem 1. Suppose that f € O is nondecreasing and subadditive. Then
f is metric preserving.

Proof. Let (X, d) be a metric space; we show that f od is a metric. Prop-
erties (M1) and (M2) are easy to check. For (M3), let z,y,z € X, and
let

a=d(z,z),b=d(z,y), and ¢ = d(z,y).
It suffices to show that f(a) + f(b) > f(c¢). But
fla)+ f(b) > f(a+0b) (subadditive)
> f(c) (nondecreasing),

as required.

On the other hand, the next proposition provides a necessary condition
for a function to be metric preserving.

Proposition 1. FEvery metric preserving function is subadditive.

Proof. Let f:[0,+00) — [0,4+00) be a metric preserving function. Denote
by e the usual metric on the real line, i.e. e(z,y) = |z —y| for each z,y € R.
Suppose that a,b € [0,00). Then

fla+b)=¢7(0,a+0b) <er(0,a) +es(a,a+b) = f(a)+ f(b).

The following criterion of subadditivity is well known.

Proposition 2. Let f € O and the function x — @ be nonincreasing on
(0, 4+00). Then f is subadditive.

Proof. Let a,b € (0,+00). Then
fla)

g At o flatd) )

fla+b)= a+b a-+b a

IN

T8 _ fa)+ 1),

While subadditivity is an important necessary condition, the following
three examples show that it is not sufficient for an amenable function to be
metric preserving.
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Example 1. (See [15].) Define f : [0, +00) — [0, +00) as follows

T
—— forall z € [0, +00).

f@) = 1s

Since the function z — £& is nonincreasing on (0, +00), by Proposition 2

€T
the function f is subadditive (see Fig. 5). Note that f is not metric pre-
serving. (See Corollary 2.1.)

A

.
8
—

Figure 5

Example 2. (See [25], p.133.) Define f : [0, +00) — [0, +00) as follows

ifrx <1,

)=

(S

otherwise.

By Proposition 2 the function f is subadditive. (See Fig. 6.) Note that this
function is not metric preserving. (See Theorem 3.1.)
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Example 3. Define f : [0, +00) — [0,400) as follows

= onQ

1
1 otherwise.

)= {

It is not difficult to verify that f is subadditive. Evidently f is discontinuous
at each point of [0, +00). Note that f is not metric preserving.

The converse of Proposition 2 is not true, as the following example shows.

Example 4. Define f : [0, +00) — [0,400) as follows
fl@)y=2-2+3-1 . Bx—1|+1 - 3z-2[—-2 |z -1

Since the function f is metric preserving, it is subadditive. (See Fig. 7.)

I(=)
T

Note that the function = — is not nonincreasing.

Simple examples of metric preserving functions are concave functions.
(See [56], [4], and [58].) Let us recall that a function f : [0, +00) — [0, +00)
is called concave iff

f((L =t +tw2) > (1= t)f(21) +tf(22),

whenever z1, 25 € [0,+00) and 0 <t < 1.
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A less restrictive definition of a concave function f is the requirement
that f be midpoint-concave: ”at the midpoint of an interval the curve lies
above the chord”, i.e. the inequality

f (x;ry) > f(x)-;f(y)

holds for all z,y € [0,4+00). Note that for amenable functions those two
notions are equivalent. (See [26].)

A

3/2

1/2

Figure 7

Lemma 1. Suppose that f € O is concave. Then the function x — fgf) 18
nonincreasing on (0, +00).

Proof. Let a,b € (0,+00), a < b. Putt = 3,
is concave, we have f(a) > ¢ - f(b). Therefore the function z @ is
nonincreasing on (0, +00).

1 =0, zo = b. Since f

Theorem 2. Let f € O. Then f is concave iff

(*) WVt>0Vz,y,ze[0,tl,z+t=y+z:f(x)+ f(t) < fly)+ f(2).
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Proof. Suppose that f is concave. Let t > 0, x,y,z € [0,t], x +t =y + 2.
Suppose that y < z. We distinguish two cases.

1) Let y = 2. Since y = (x +t), by the assumption we have

Fy) = 3(f(@) + f(1), ie. f(z)+ f(t) < fy) + Fly) = Fy) + f(2).

2) Let y < z. Let p > 0 be such that y = pz + (1 — p)z. Then
z =pt+ (1 — p)y. By the assumption we obtain

f(y) > pf(x) + (1 —p)f(z),
>pf(t)+ (1 —=p)f(y)

p
Thus f(y) + f(z) = p(f(z) + f(t)) + (L = p)(f(2) + f(y)), which
yields f(z) + f(t) < f(y) + f(2).
On the other hand, suppose that (*) holds. We show that f is midpoint-
concave. Let 0 < z < y. Since 0 < z < 3(z+y) = 3(z +y) <y, by (*) we
have f(x) + f(y) < f (54) + f (554).

Remark. Observe that putting z = 0 in (*) we obtain the subadditivity
of f.
Theorem 3. Suppose that f € O is concave. Then f is metric preserving.

Proof. The subadditivity of f follows from Lemma 1 (or from Remark).
Now, we will show that f is nondecreasing. We procede by contradiction.
Suppose that there are x,y € (0,+00) such that z < y and f(x) > f(y).

Put
_ I _ yf@) —xfy)

T f@) T @) - fy)

Since f is concave, we have

fly) > (A=) f(z1) + f(y),

which yields f(z1) <0, a contradiction.

Xro = T.

A continuous, nondecreasing, metric preserving function which is not
concave is shown in Example 4.
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The next comparison test of subadditivity is a generalization of Propo-
sition 2.

Proposition 3. (See [37].) Let f,g € O. If g is subadditive and the

function x — % is nonincreasing on (0,400), then f is subadditive.

Proof. For a,b > 0 we have

flatn) =100 g < DU (000 4 900)
S0
- 9(b)

Let us finally note that subadditivity admits a nice characterization in
terms of infimal convolution. If f,g € O, then their infimal convolute fOg
(see [42] and [59]) is the function that sends each z € [0, +00) to the real
number

(fog)(z) = inf{f(y) +g(2): ¥,z €[0,4+00) and y + z = x}.

Proposition 4. (See [59].) Let f,g € O. Then the following statements
hold:
(1) f is subadditive iff fOf = f,
(2) 4f min(f,g) is subadditive, then fOg = min(f,g), and
(3) if f and g are both subadditive, then fOg is the largest subadditive
minorant of min(f, g).

and

Remark. Let f,g € O be nondecreasing. Suppose that = —

x @ are nonincreasing on (0,+00). (This is the case for instance if
f and g are concave.) Put h = min(f,g). Then h is nondecreasing and

f(@)

T hgg—l) is nonincreasing on (0,+00). Consequently, h is subadditive.
Thus h = fOg.

For recent results on subadditive functions, see [39] and [40]. Let us

mention only one of the results proved there.

Proposition 5. (See [40].) Fvery subadditive and right-continuous bijec-
tion of [0, +00) is a homeomorphism.
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2. Characterization of metric preserving functions

Let a, b and ¢ be positive real numbers. We call the triplet (a,b,c) a
triangle triplet (see [60]) iff

a<b+4+c, b<a+c and c<a+ b
equivalently, la —b] <ec<a+b;
i e a+b+c>2- -max{a,b,c}.

Triangle triplets are used in place of the more awkward terms d(z,y),
d(z,z), d(z,y) for various metrics d. The following result gives a character-
ization of triangle triplets, which is based on the fact that each three-points
metric space has a representation by certain subspace of the Euclidean plane.

(See [4].)

Proposition 1. Let a, b and c be positive real numbers. Then the triplet
(a,b,c) is a triangle triplet iff there are z,y,z € R?, x # y # z # x, such
that

a=ce(x,y), b=e(x,2), c=e(z,y),

where e denotes the Euclidean metric on R2.

Proof. Suppose that (a,b, c) is a triangle triplet. Put

a a
= _70)5 = (__50>a
v (2 Y 2

A-v 1
z:( o ,%-\/(a+b+c)(a+b—c)(a—b+c)(—a+b+c)),

Then a = e(x,y), b = e(z, 2), c = e(z,y).
On the other hand, if z,y,z € R?,  # y # z # x, then

(e(x,y),e(x, 2),e(z,y)) is a triangle triplet.
This is immediate from the triangle inequality.

As a corollary we obtain the following theorem which gives a characteri-
zation of metric preserving functions. (See [58], [4], and [17].)
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Theorem 1. Let f € O. Then the following are equivalent:

(1) f is metric preserving,

(2) if (a,b,c) is a triangle triplet, then so is (f(a), f(b), f(c)),

(3) if (a,b,c) is a triangle triplet, then f(a) < f(b) + f(c), and

(4) Va,y € [0,+00) : max{f(z); |z —y| <z <z +y} < fz)+ f(y)

The following corollary shows that no function f € O having the z-axis
as a horizontal asymptote is metric preserving.

Corollary 1. (See [4].) Let f be a metric preserving function. Then

Va,b € [0,400): a<2b= f(a) <2f(b).

Note that the asumption ”"metric preserving” in Corollary 1 cannot be
replaced by the assumption ”subadditive”, as Example 1.1 shows.

The proofs of the following two propositions are straightforward and we
omit them.

Proposition 2. (See [4].)

(1) If f, g are metric preserving and k > 0, then each of fog, f+g,
k- f, and max(f,g) is metric preserving.

(2) If fn (n € N) are metric preserving functions that converge to a
function f € O, then f is metric preserving. Under the same hy-
pothesis, if ZZOZI fn converges to a function s, then s is metric
preserving.

(3) If (ft)ter is any indezxed family of metric preserving functions that
is pointwise bounded, then the function x — sup{fi(z); t € T} is
metric preserving.

Let © denote the first uncountable ordinal number. A transfinite se-
quence (ag)e<n of nonnegative reals is said to be convergent and have a
limit a € [0, +00) if for each € > 0 there exists an ordinal number o <
such that d(ae¢,a) < € whenever a < § < Q. If (a¢)e<n has a limit a, we
write lim a¢ = a.

E—
A transfinite sequence (f¢)e<q of functions fe : [0, +00) — [0,400) is
said to be convergent and to have a limit function f : [0, +00) — [0, +00) if
for each x € [0, +00) we have .5hnsl2 fe(z) = f(z).
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Proposition 3. (See [4].) If (fe)e < Q is a tranfinite sequence of met-
ric preserving functions which converges to a function f, then f is metric
PTESEerving.

Finally, we will show that "most” metric preserving functions are not
continuous. We call an amenable function f tightly bounded if for some
a >0, f(z) € [a,2a] for all z > 0. (See [15].)

Proposition 4. If f is amenable and tightly bounded, then f is metric
PTESETVINgG.

Proof. Let a > 0 be such that for all z > 0, f(z) € [a,24d], and let (a,b, c)
be a triangle triplet. Then f(a) <2a=a+a < f(b) + f(c¢).

Every amenable, tightly bounded function is necessarily discontinuous
at 0. It follows that there are 2° tightly bounded, amenable functions (where
¢ is the cardinality of R).

The following example shows that there is a metric preserving function
which is nowhere continuous and nowhere of bounded variation.

Example 1. Define f : [0,400) — [0, +00) by

0 ifz=0,
f(x) =< 1 if x is irrational,

2 otherwise.

Since f is amenable and tightly bounded, it is metric preserving; because
the sets (0, +00) N Q and (0, +00) — Q are dense in (0, +00), f satisfies the
required pathologies.
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3. Strongly metric preserving functions

We call f : [0, +00) — [0, +00) strongly metric preserving if for all metric
spaces (X, d), ds is a metric topologically equivalent to d. (See [15].)

In this section we characterize the strongly metric preserving functions.
An important theme here is the significance of the behavior of a metric pre-
serving function at 0. We show that such an f is strongly metric preserving
if and only if f is continuous at 0.

We begin with the following definition. Given a point = of a metric space
(X,d) and a positive real number ¢, the open ball with the center = and
radius ¢ is the set

Ba(z;e) = {y € X; d(z,y) <&}
If in Theorem 2.1 we let ¢ = |a — b|, we obtain the following result.
Proposition 1. (See [7].) If f is metric preserving, then
Va,b € [0.+00) : [f(a) — F®)| < f(la b))

Theorem 1. (See [4].) Supose that f is metric preserving. Then the
following are equivalent:

(1) f is continuous,
(2) f is continuous at 0, and
3) Ve>03x>0: f(x)<e.

Proof. 1t follows from Proposition 1 that (2) implies (1). Indeed, let € > 0.
From the continuity of f at 0 it follows that there is § > 0 such that

x € ]0,0) implies f(z) < e,
which yields
a,b € [0,400), and |a — b < ¢ implies |f(a) — f(b)| < f(la —b]) < e.

It follows from Corollary 2.1 that (3) implies (2). Indeed, let € > 0. Then
there is xo > 0 such that f(zo) < §. Put 0 = 2x9. By Corollary 2.1 we
have

x € [0,4] implies f(z) <2- f(xg) < &.

Note that the asumption "metric preserving” in Theorem 1 cannot be
replaced by the assumption ”subadditive”, as Example 1.2 shows.
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Corollary 1. Let f be metric preserving. If f is discontinuous, there is
e > 0 such that for all x > 0, f(x) > €.

Let us recall that a metric space (X, d) is topologically discrete, iff for
every x in X there is € > 0 such that By(x;¢) = {z}. We say that a metric
space (X, d) is uniformly discrete, iff there is € > 0 such that d(x,y) > € for
each z,y € X, x # y.

Proposition 2. Let f be metric preserving. Then the following are equiv-
alent:
(1) f is discontinuous;

(2) (X,dy) is an uniformly discrete metric space for every metric space
(X, d).

Proof. Tt follows from Corollary 1 that (1) implies (2).

Now we will show that (2) implies (1). Let e denote the ususal metric on
the real line. Let € > 0 be such that e¢(z,y) > ¢ whenever z,y € R, z # y.
Then for each a € (0, +00) we have € < e¢(a,0) = f(a).

Let us recall that two metrics ¢ and o on a space X are topologically
equivalent iff for each z in X and each € > 0 there is § > 0 such that
By(z;0) C By(z;¢), and By (x;0) C By(z;e).

We say that two metrics ¢ and ¢ on a space X are uniformly equivalent iff
for each € > 0 there is § > 0 such that for all z,y € X we have

o(z,y) < 0 implies o(x,y) < e, and o(x,y) < J implies o(z,y) < €.

The next theorem first appeared in [4]; one direction of the theorem was
observed in Sreenivasan’s early paper [58].

Theorem 2. (See [4].) Suppose f is metric preserving. Then f is strongly
metric preserving if and only if f is continuous.

Proof. One direction follows from Proposition 2. For the other direction,
suppose [ is metric preserving and continuous. Let (X, d) be a metric space.
We show that d; and d are uniformly equivalent metrics. Let € > 0. By
continuity of f at 0, let § > 0 be such that for all a € [0,4), f(a) < e. But
now for each z,y € X we obtain

d(z,y) < d implies df(z,y) <e.
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By Corollary 2.1 for each a € [0, +00) we have

fla) <

. . €
implies a < 3

Put § = @ > 0. Then for each z,y € X we obtain

df(z,y) <d implies d(z,y) < % <e.

Theorem 3. (See [4].) Let f be metric preserving. Suppose that (X, d) is
a metric space which is not topologically discrete. Then the metrics dy and
d are topologically equivalent iff f is continuous.

Proof. Suppose that the metrics dy and d are topologically equivalent. Let
e > 0. Since (X, d) is not topologically discrete, there is a € X such that
for each n > 0 there is y € Bgy(a;n) such that y # a. Let § > 0 be such
that By(a;0) C Bg,(a;e). Choose b € By(a;0) such that b # a. Put
x =d(a,b) > 0. Then f(x) =ds(a,b) < e.

If f is continuous, by Theorem 2 we obtain that the metrics d; and d are
topologically equivalent.

Theorem 4. (See [4].) Let f be metric preserving. Suppose that (X, d) is
a metric space which is topologically discrete. Then the metrics dy and d
are topologically equivalent.

Proof. If f is discontinuous, by Proposition 2 we obtain that (X,dy) is
uniformly discrete, which yields that the metrics dy and d are topologically
equivalent.

If f is continuous, by Theorem 3 we obtain that the metrics d; and d are
topologically equivalent.

By the similar argumentation one can prove the following two theorems.

Theorem 5. (See [4].) Let f be metric preserving. Suppose that (X, d) is
a metric space which is not uniformly discrete. Then the metrics dy and d
are uniformly equivalent iff f is continuous.

Theorem 6. (See [4].) Let f be metric preserving. Suppose that (X, d) is
a metric space which is uniformly discrete. Then the metrics dy and d are
uniformly equivalent.



CHAPTER 3

Example 1. Denote by e the usual metric on the set X = {nil 'n e N}.
Suppose that f is metric preserving function which is discontinuous. Then
the metrics ef and e are topologically equivalent, but they are not uniformly
equivalent.

The results in this section show that, while the variety of possible met-
ric preserving functions yields of a rich class of functions, from a strictly
topological point of view the class is somewhat uninteresting. For any met-
ric space (X, d), the number of possible distinct (up to homeomorphism)
topologies that can be generated by the metrics df, as f ranges over the
metric preserving functions, is < 2 (dy must either be equivalent to d or
must induce the discrete topology on X). Nonetheless, the variety of dis-
tinct (up to isometry) metrics that can be generated in this way and that
are topologically equivalent to the original metric — there are ¢ distinct
metrics for each metric space (X, d) having two or more points — can lead
to interesting results, as the theorem of M. Juza (see [32]) shows.

21
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4. Metric preserving functions and convexity

Before stating the result, we recall that a function f : [0, 4+00) — [0, +00)
is called convex over [r, s] iff

(1) FIA=t)xy +twe) < (1 —1)f(21) +f(22)

whenever x1, 25 € [r,s] and 0 < ¢ < 1.

Moreover, f is strictly convez if < is replaced by < in (1). Convexity of
f is equivalent to the assertion that for all x,y € [r, s], every point on the
chord from (z, f(z)) to (y, f(y)) is above the graph of f in [0, +00)2.

Lemma 1. (See [4].) Suppose f :[0,+00) — [0,400) is subadditive. Then

for all positive integers n and all x € [0, 4+00),

fne) <nf(x) and 27"f(z) < f(27").

Proof. By induction.

Theorem 1. (See [7].) Let f : [0,400) — [0,400) be metric preserving
and h > 0. If f is convex on [0, h], then f is linear on [0, h).

Proof. From the convexity we obtain
b
(+) Va,b e (0,h] : a§b¢ﬁ§%'
a
We shall show that

h
f(z) = % -z for each z € [0,h].
Let € (0,h]. Choose a positive integer n such that 27"h < x. Then
according to (x) and Lemma 1 we have f(27"h) = 27" f(h). Therefore

FB) _F@R) _ S _ )
h 2="h — x — h
which yields f(z) = fTh) S Z.

In contrast with Theorem 1 the following example shows that there is a
continuous metric preserving function f such that each neighborhood of 0
contains an interval on which f is strictly convex.
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Example 1. Define f : [0, 4+00) — [0, 400) as follows (see Fig. 8)

s L -
Figure 8
0, if =0,
2n+1 . 1
s R if v € [—=5,m),

ant3 + bpx? + cpr + dy,

z,
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where

2n—-1)(n+1)

(2n+1)-n2 ’
16n7 + 24n8 + 8nd — 2n* — n?

[ ’

! n+1
b —48n8 — 72n° — 12n* + 18n3 + 2n% — 2n

n — ’n,+1 )

_ 48n° +72n° —30n® + n? 4+ 5n — 1

d — —16n* —8n3 +12n%2 4+ 2n — 2

n
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5. An application of metric preserving functions

An interesting application of metric preserving functions was discovered
by M. Juza in 1956, long before the subject had matured [32]. It is now well
known that there are complete nowhere discrete metric spaces that have
a nested sequence of closed balls with empty intersection (but recall that
the diameters of such balls cannot tend to 0). Juza observed that the real
line could be topologized to obtain such a space, using a metric preserving
function; in particular, he showed that (R, ef) has the required property if
e is the usual metric on R, and f is the metric preserving function defined
in the following example.

Example 1. Define f : [0, +00) — [0,400) as follows (see Fig. 9)
x if z <2,
T =114 2 tese

Proposition 1 shows that f is metric preserving.

\

Figure 9

The following propositions enable to construct continuous metric pre-
serving functions from tightly bounded functions.

Proposition 1. (See [4].) For each function f : [0,400) — [0,400) and
r >0 define f. : [0,+00) — [0, +00) as follows

f(r) :
— .z ifzxel0r),
fr(z) = r / 0.7)
f(z) if © € [r,+00).
Let f be metric preserving. Then f, is metric preserving iff

Ve € frtoo) s eyl <7 = 17) 1) < 22 ey
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We will prove the following generalization of Proposition 1.

Proposition 2. (See [22].) Let g, h be metric preserving. Let r > 0 be
such that g(r) = h(r). Define fgnr:[0,+00) — [0,+00) as follows

fa() {g(aﬁ), if = €[0,7),
Ar) =
gt h(zx), if x € [r,00).
Suppose that g is nondecreasing and concave. Then fq p ., is metric preserv-
ing iff
Va,y € [r,00): [x—yl <r=[h(z) = h(y)| < g(lz—yl).

Proof. One direction follows from Proposition 3.1. For the other direction,
suppose 0 < a < b < c¢ < a+b. We shall show that

(fg.n,r(@)s fo.nr(b), fgnr(c)) is a triangle triplet.

We distinguish two non-trivial cases.
a) Suppose that a,b € (0,7), and ¢ € [r,+00). Evidently

fg,h,r(a) < fg,h,r(b) < fg,h,'r'(b) + fg,h,'r‘(c)-
Since |g(r) — h(c)| < g(|r — ¢|), we obtain
fonr(b) =g(b) <g(r)+[g(a) —g(c—r)] < gla)+h(c) = fo.nr(a)+fgnr(c)

Since g is concave, we have g(r) + g(a+b—1) < g(a) + g(b), which
yields

fg,h,'r'(c) < g(r) + g(c - T) < g(T) + g(a +b— 7") < fg,h,r(a) + fg,h,r(b)-

b) Suppose that a € [0,7), and b, ¢ € [r, +00). Since (r, b, ¢) is a triangle
triplet, we obtain

fonr(a) < g(r) =h(r) < h(b) +h(c) = fg,n,r(0) + fonr(c).
Since [h(b) — h(c)| < g(|b — ),

fo.nr(b) = h(b) < g(c—b) + h(c) < g(a) + h(c) = fgnr(a) + fonr(c),
and

fonr(c) =h(c) < gle—0b) + h(b) < g(a) + h(b) = fgnr(a) + fonr(b)

we have



CHAPTER 5

Now, we begin with the following definition. Given a point x of a metric
space (X, d) and a positive real number ¢, the closed ball with the center x
and radius ¢ is the set

Balzse] = {y € X; d(z,y) <¢}.

It is well known that there is a complete metric space with the following
property:

There is a monotone sequence of closed balls

(1)

with empty intersection.

In [32] it is shown that the metric space (R,ey) has the property (1),
where f is the function of Juza (see Example 1). The proof of (1) is based
on the following property of the metric space (R, ey):

9 For each compact set K there is a closed ball B.,|r;c] and there is
@) a compact set L such that K C R — B, [x;¢] C L.
Theorem 1. (See [23].) Let f be a metric preserving function. Suppose
that there are functions g,h : [0,+00) — [0,+00) such that g and h are
nonincreasing, and

they are not constant in each neighborhood of the point 400, (3)
g(z) < f(z) < h(z) in some neighborhood of the point +oo, (4)
limg oo g(z) = limy— 4 o0 h(z). (5)
Then the metric space (R,ef) has the property (2).

Proof. Let m € N be such that g(x) < f(x) < h(z) for each z € [m, +00).
Put d = lim,; 4o g(z). Evidently d = lim, ;o f(z) > 0. Let K be a
compact set. Put

s=inf K —m, r=supK —s, e=g(r).
Since g is not constant on (r, +00), there is £ > r such that g(§) # e.
Since g is nonincreasing, we have ¢ # ¢(&) < g(r) = . Therefore g(§) < e.

Since g is nonincreasing for each x > £ we get g(x) < g(§). Thus

d= lim g(z) <g(§) <e.

T— 00
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Let « € [m,r]. Then f(x) > g(x) > g(r) = . Therefore
(6) Vo € [m,r]: f(z) >e.

Let § € (d,e). Since lim, .4 h(x) = d < g, there is ¢ > r such that
h(t) < 4. Let & > t. Then f(z) < h(z) < h(t) < . Thus

(7) Vr € [t,+00): f(z) <.

Let S be a closed ball with the centre s and the radius §. Put L = [s—t, s+1].
Now, we shall show that K C R—S. Let u € K. Then |u—s| = u—s € [m, ],
and by (6) we get ef(u,s) = f(Ju —s|) > e > 6. Therefore u ¢ S. Finally,
we shall show that R—S C L. Let v € R—S. Then f(jv—s|) =es(v,s) > 0.
By (7) we have |v — s| < t. Therefore v € L.

Example 2. Define f : [0,4+00) — [0,+00) as follows (see Figure 10):

Figure 10

x if x €10,1),
f(z) = 1+aj+sin2(a:—1)

5 if z € [1,400).
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It is not difficult to verify that f is metric preserving and the metric space
(R, er) has the property (2) (which yields also the property (1)), however
f is not monotone on every neighborhood of the point +oc.

Example 3. Define f : [0, 4+00) — [0,400) as follows (see Fig. 11):

f(z)==z if €[0,1], and
f(;c):%~(ac—3n+1—|x—3n+1|+|1‘—3n+%+%+2|+|x—3n—%—%+2 |),

if z€(3n—2,3n+1] (neN).

It is not difficult to verify that f is metric preserving and (R, ey) is a metric
space with the property (1), which has not the property (2).
Indeed, the intersection of the sequence of closed balls B, [,;e,] with the

center z,, = 3- (2”71 — 1) and the radius e, = 1 + ﬁ is empty.

Figure 11

A characterization of metric preserving functions f such that the space
(R, ef) has the property (1) remains an open question.

29
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6. Metric preserving functions and periodicity

The examples given in the previous chapter show, in particular, that
metric preserving functions need not be nondecreasing. 1. Pokorny [49] has
isolated a fairly natural class of amenable functions for which all metric
preserving functions must be nondecreasing. Define

G ={f € O; there is a periodic function g
such that Vo >0: f(z) =2+ g(x)}.

Examples of such metric preserving functions are x — x + |sin(x)| (see
Fig. 12) and « — |z| + /= — |x] (see Fig. 13); where x — || is the floor
function, which returns the largest integer not greater than its argument.

y=x+|sin(z)|

Figure 12

We denote by ¢ the identity function on [0, +00) (i.e. ¢(x) = z for each
x > 0). The previous two metric preserving functions have the following

property
(%) f— 1t is periodic and nonconstant.

It is easy to see that f : [0,+00) — [0,400) is subadditive iff f — ¢ is
subadditive.
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y=lol+y/a=la] |

Figure 13

Lemma 1. (See [7].) Let f be metric preserving, k > 0. If in each neigh-
borhood of 0 there is a point a such that f(a) = ka, then f(x) = kx holds
in a suitable neighborhood of 0.

Proof. Let h > 0 be such that f(h) = kh. We shall show that f(z) = kx for
each = € [0, h|. Assume that f(z) # kx for some z € (0, h). We distinguish
two cases.

1) Suppose that f(z) > kx. Put
A={ye0,+00): fy) = ky}.
Since f is continuous (by Theorem 3.1), the set A N [0, z] is closed
and bounded. Put M = max(A N [0,z]). Let y € A be such that
0<y<ax— M. Then
FIM +y) < f(M) + f(y) = kM + ky = k(M +y).

Since f(x) > kx and since f is continuous, there is z € [M + y, 2]
such that f(z) = kz, which contradicts the definition of M.
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2) Suppose that f(x) < kx. Evidently the set A N [x,h] is closed
and bounded. Put m = min(A N [z,h]). Let r € A be such that
0 <r <m—xz. Then

km=f(m)< f(m—r)+ f(r)= f(m—7r) + kr,

which yields f(m —r) > km — kr = k(m —r). Since f(z) < kx and
f is continuous, there is s € [z,m — r| such that f(s) = ks, which
contradicts the definition of m.

Lemma 2. Let f € G be metric preserving, f # 1. Then f — v has the
smallest period.

Proof. Put g = f — +. Suppose there does not exist the smallest period of
g. By Lemma 1 there is a neighbourhood U of 0 on which f(z) = = and
hence g(z) = 0 on U. Then from periodicity of g it follows that g = 0.

Proposition 1. Let f € G be metric preserving. Then f is nondecreasing.

Proof. Put g = f — . Denote by p the smallest period of g. First we show
that f is nondecreasing on (0,p). We prove it by contradiction. Suppose
that there are x1,z2 € (0,p) such that 1 < z2 and f(x1) > f(z2). Let
a=2z1+p, b=pand ¢c=1x3. Then (a,b,c) is a triangle triplet and by
Theorem 2.1

f(a) < f(b) + f(c) = f(p) + fz2) = p+ f(x2) <
<p+flzm)=p+z1+g(x1)=
=x1+p+g(1+p) = f(z1 +p) = fla),

a contradiction.
Since for each k¥ € N and x € (0, p) we have

f(x+kp)=x+kp+g(x+kp)=x+kp+g(x) = f(r)+ kp,

the function f is nondecreasing on [0, +c0).
As an immediate corollary we obtain

Theorem 1. (See [49].) f € G is metric preserving iff f is nondecreasing
and subadditive.



CHAPTER 6 33

Lemma 3. Let f € G be metric preserving, f # t. Then f(x) > x for all
x € [0,p), where p is the smallest period of f — .

Proof. By contradiction. Suppose that there is a € (0, p) such that
f(a) < a. Then a — f(a) > 0 and there is k¥ € N such that

(1) k- (a—f(a)) > p.
Let £ € N be such that £-p <k-a< ({+1)-p. Then
(2) 0 < ka—pl < p.

Put g = f —¢. Acording to subadditivity of ¢ and the inequalities (2), (1)
we have:

f(ka —pt) = (ka — pt) + g(ka — pt) =
= (ka — pl) + g(ka) <
< (ka—pl) +k-g(a) =
=(ka—pl)+k-(f(a) —a) <p—p=0,

ie., f(ka—pl) <0, a contradiction.

Lemma 4. Let f € G be metric preserving, f # 1. Put g = f — . Suppose
that there are relatively prime positive integers m, n such that g (% . p) =0,
where p is the smallest period of g. Then for each i € N we have

i
g9 (— ~p) =0.
n
Proof. Let k,¢ € N such that k- m = ¢-n + 1. Then by subadditivity of g

we have
w)=o (S5 ) =e (e D) =0 (2).

By subadditivity of g we obtain g (z : 3) =0 for every 7 € N.

n

Ozg(kz-

s |3
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Theorem 2. (See [49].) Let f € G be metric preserving, f # . Put
g=f—t. Then g(x) > 0 for every x € (0,p), where p is the smallest period

of g.

Proof. By contradiction. Suppose that there is a € (0, p) such that
g(a) = 0.

1)

Suppose that there are relatively prime positive integers m, n such
that @ = 2 - p. By Lemma 4 we have g () = 0. Let 2 € (0, £) and
let k € NN (1,n). Then from subadditivity of g we obtain

g(fv):g(x)Jrg(k%) Zg(z+k'%):g(x+k-§)+

+g((n—k)o%)Zg(:chkw%Jr(n—k)o%):

=g(z +p) = g(x).
Therefore g (z + k - £) = g(z) which shows that £ is a period of g.
This contradicts the definition of p.

a
Suppose that — is irrational. It is well-known that for arbitrary

irrational number z the set {k-z — |k-x|; k € N} is dense in [0, 1].
Put
A:{k-%f Vg-gJ; keN}.

Then the set B=p-A={p-z; x € A} is dense in [0, p]. Therefore
g(x) = 0 for every x € B (since x = k-a— £ - p for suitable k, ¢ € N).
By Lemma 1 there is a neighbourhood U of 0 such that f = ¢ on U,
i.e. g =0 on U. Choose relatively prime positive integers m, n such
that = - p € (0,p) N U (which evidently yields g(** - p) = 0). But
such case was discussed in the previous part of this proof.
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7. Metric preserving functions and differentiability

Mirroring the situation for continuity, the notion of differentiability par-
titions the class of metric preserving functions into two rather different sub-
classes, and the assignment of a given metric preserving function to one of
these subclasses is determined by the value of its derivative at 0 (of course,
there is a one-sided derivative at 0 only). As we shall see, for such functions,
the (extended) derivative always exists at 0; the central question becomes
whether the derivative is finite or infinite. Those with finite derivative form
a well-behaved class of continuous functions that are differentiable almost
everywhere; those with infinite derivative, by contrast, can be very unruly:
they can be continuous, nowhere differentiable (in the finite sense), and
even, as we saw in Chapter 2, nowhere continuous.

Lemma 1. (See [60].) Let f € O be a differentiable function. If f is metric
preserving, then the following conditions are fulfilled:

(1) f'(z) < f(0) for all x € [0, +00).

(2) f'(0)>0.

Proof. Fix x € [0,400). Subadditivity ensures that for all h > 0,

fla+h) — flz) _ f(h) — f(0)
h - h

For h — 0 we get f'(z) < f/(0).

Assume now f/(0) < 0. Then the already proved condition (1) 1mphes
f'(z) <0 for all z € [0,400), thus f is decreasing, hence f(z) < f(0) =
a contradiction.

Proposition 1. (See [60].) Let f be metric preserving. If f is differentiable
over (u,400) for some u > 0 and lirJIrl f'(z) = 400, then f is not metric

PTESETrving.
Proof. Fix m > u. Subadditivity ensures that for all x > m,
<

flotm) = (@) _ fm).

m m

Now use the Mean Value Theorem to show that for arbitrary large x, there
exists zg € (z,z + m) such that f/(zg) < —f(n’?).



36 CHAPTER 7
The following example shows that the assumption

lim f'(z) = 400

Tr——+00

in Proposition 1 cannot be replaced by

limsup f/(z) = +o0.

x— 400

Example 1. (See [7].) There is a metric preserving function f such that
(see Fig. 14)

(3) f is continuous,
(4) f is differentiable on (0, +00),
(5) limsup f'(z) = +o0.

T— 00

Put f = Y fn, wherea, =1—+1—2727 and f, : [0,4+00) — [0, +00),

n=1

(2"an) " V2anz—a2, if z€[0,a,],
fr(z)=1 27" [3+cos( 2] if we[n+1-Fan,nt1+Fan],

27", otherwise.

1
1
1
|
1
1
1
1
1
1
1
O
2 |
1
1
1
I
|
1
1
1
1
1

>
.

t
0 an ntl-Fan n+tl ntltFan

Figure 14
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Proposition 2. (See [60].) Let f € O be differentiable and let f' be con-
tinuous on a certain interval [0,u), w > 0. If f is metric preserving, then
it is increasing on some neighborhood of 0.

Proof. By Lemma 1 we have f/(0) > 0. Since f’ is continuous on [0, u),
there is v > 0 such that f’(x) > 0 on [0,v), hence f is increasing on [0, v).

Example 4.1 shows that there is a metric preserving function f such that
f is differentiable, f’ is continuous on (0, +00), and f is not increasing on
each neighborhood of 0. Therefore this example shows that the assumption

f 1is continuous on a certain interval [0,u),u >0

in Proposition 2 is essential.

Now we show that for each metric preserving function f, f'(0) exists in
the extended sense. The proof naturally divides into two parts depending
on whether the following set is empty:

K;={k>0: f(z) <kx for all z > 0}.

In the course of the proof, we show that f/(0) < +oco iff Ky # (), and
£1(0) = 400 iff Ky = 0.

Lemma 2. (See [7].) If f is metric preserving, then for all z,y > 0 we

have
@)y Jw)

e>y= 17 <o
x Yy

Proof. Let 0 < z < y. Choose a positive integer n such that
2nh < gyt < 2™

Since 217"z < 2y, by Corollary 2.1 f(2!7"xz) < 2f(y). By Lemma 4.1 we
have 217" f(z) < f(2'~"z). Thus

fl@) <2n7 ' ma) <27 '2f(y) < ay 21 (y).

We can now prove that f’(0) exists and is infinite when Ky = (). Let n be
a positive integer. Since Ky = (), we can pick y > 0 such that f(y) > 2ny.
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Let € (0,y]. By Lemma 2, 2n < % < 2@. But now we have shown

that for each integer n > 0, there is y > 0 such that if 0 < z <y, @ > n,
as required.

We turn to the case in which K # (. We prove that f’(0) exists and is
finite in this case. By Theorem 3.1, f is continuous, whence K is closed.
Let ko = min K. We show

® to= liny £

Let € > 0. Then, by the choice of ko,

(7) Vh>03z € (0,h]: f(z)> (ko —e).
We show that

(8) Jh>0Vz € (0,h]: f(x) > (ko —e)z.
Assume instead that

(9) Vh > 03z e (0,h]: f(z) < (ky—e)x.

Let h > 0. By the formula (7), there is z1 € (0, h] such that
f(@1) > (ko — &),

and by (9), there is x2 € (0, h] such that f(x2) < (ko — €)x2. By the conti-
nuity of f, there is z3 € (0, h] such that f(x3) = (ko —€)x3. By Lemma 6.1,
f(z) = (ko — €)z holds on some neighborhood of 0, contradicting (7). This
proves (8).

Now since kg € Ky, we also have f(z) < (ko + )z for each x > 0. Thus,
combining these results, we obtain

f(z)

Ve >03h > 0Vz e (0,h]: k0—5<7<k30+5;

that is, (6) holds, as required.
We have proved the following
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Theorem 1. (Seel7].) For every metric preserving function f, f'(0) always
ezists (in the extended sense) and f'(0) = inf Ky. (We put inf ) = +oc0.)

Given k > 0, we say that a function f € O is of k-bounded gradient at 0
if there is h > 0 such for all z € [0,h], f(x) < kx. We say that f is of
bounded gradient at 0 if for some k£ > 0, f is of k-bounded gradient at 0.
(See [62].)

Lemma 3. (See [7].) Suppose k > 0 and f is metric preserving and of
k-bounded gradient at 0. Then

(10) Vz € [0,+00) : f(z) < kz, and
(11) Va,y € [0,+00) : [f(z) = fFy)| < k- [z —yl.

Proof. Let x € [0,400). Let n be a positive integer such that 27"z < h.
By Lemma 4.1 27" f(z) < f(27"x) < k- 27", which yields (10). Observe
that (11) follows from Proposition 3.1 and (10).

If f/(0) < 400, then f is a Lipschitz mapping with the Lipschitz con-
stant f/(0) (which yields that f is differentiable almost everywhere), as the
following theorem shows.

Theorem 2. Let f be a metric preserving function with f'(0) < +o0o0. Then
(12) ¥z € [0, +00) : () < £(0) -, and
(13) Va,y € [0, +00) : [f(z) — f(y)| < f/(0) - [z —yl.

Proof. Let € > 0. Then there is h > 0 such that f(z) < (f'(0) +¢) - z for
each z € [0,h]. By Lemma 3 f(z) < (f/(0) 4+ ¢) - « for each = € [0, +00).
Since € > 0 was arbitrary, (12) holds. Observe that (13) follows from
Proposition 3.1 and (12).

Corollary 1. Suppose f is metric preserving and f'(0) < +oo. If the
extended derivative of [ exists at each x € [0,+00), then |f'(z)| < f'(0) for
each z € [0, +00).

The proof of Theorem 2 shows that if f is a metric preserving function
and f’(0) < +oo, then f is of bounded gradient at 0. The converse is also
true, and follows immediately from Theorem 1. Thus:

Corollary 2. For metric preserving functions f, f'(0) < +oo iff f is of
bounded gradient at 0.

Our target theorem follows directly from Theorem 2.
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Theorem 3. Suppose f is metric preserving and f'(0) < +00. Then f is
of bounded variation over each closed interval lying in [0, +00).

Finally, we consider the subclass of metric preserving functions f such
that f'(0) = +00. As we mentioned before, the most pathological examples
are possible in this case. In contrast with Theorem 2 we will construct
a continuous metric preserving function which is nowhere differentiable.
This function is a slight modification of the Van der Waerden’s continuous
nowhere differentiable function. (See [3].)

Example 2. (See [22].) Define h : [0,400) — [0,400) as follows (see
Fig. 15)

Y

x, ifx <
h(z) = { L

%+|:chfo§|, if z >

(SIS

Define f : [0, +00) — [0, +00) as follows

flx) = i 27"h(2"z) for each x € [0, +00).

n=0

The proof that f is continuous and nowhere differentiable is essentially the
same as Van der Waerden’s. It is not difficult to verify that f is metric
preserving.
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12 oy 77777777777777777 Lo

i | i
0 1/2 1 3/2

Figure 15

We close this section by considering a question raised by the authors in
[22] regarding metric preserving functions:

It is possible to characterize the set f'™*(+00) ?

By Corollary 1 the question is relevant only to the case we are currently
considering, where f/(0) = +o0.
The following example shows that there is a monotone continuous metric
preserving function f for which
fH+o0) = {0}u{2™™ :n € N}.
Example 3. (See [22].) There is a metric preserving function f such that

(14) f is continuous and nondecreasing,
(15) f'(x) exists for each = € [0,+00) (finite or infinite),
(16) f'(27™) = +oo for each n € N.

Define g : [0, 4+00) — [0, +00) as follows
V2r —22, ifxzel0,1),
g(x) =

1, if x € [1,400).
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Evidently g is nondecreasing and concave. Define h : [0, +00) — [0, +00) as
follows

0, if x =0,
1, if x € (0,1),
h(z) = L.B—g(2-2), ifzell,2),
L. B+gx—2)], ifze2+00).

Since for all z > 0 we have 1 < h(z) < 2, by Proposition 2.4 h is met-

ric preserving. We shall show that the assumptions of Propositon 5.2 are
fulfiled.

Let z,y € [1,+00), |z — y| < 1. We distinguish three cases.

a) Suppose that 1 <z <y < 2. Since 2—2z = (2 —y) + (y — z),
we have g(2 — z) < g(2 —y) + g(y — ). Thus |h(z) — h(y)| =
5192 —2)—92-y)] <35 9y —2) <g(lz -yl

b) Suppose that 1 < x < 2 < y. Since ¢ is nondecreasing, we obtain
9(2—2) < g(y—=) and g(y—2) < g(y—x). Therefore |h(z)—h(y)| =
3192 -2)+9(y—2)]<3-lgly—2) +9(y — )] = g(|z - yl).

¢) Suppose that 2 <z <y. Since y —2 = (y —x) + (CC —2), we have
9(y —2) < g(y —x) + g(z —2). Thus |h(z) = h(y)| = 5 - [9(y —2) -
gz —=2)] < 59y —z) < g(lz —y)).

Define w : [0, +00) — [0, 4+00) as follows (see Fig. 16)

{ g(z), ifzel0,1),

W@ = ), itz e [1,+o0).

By Proposition 5.2 w is metric preserving. It is not difficult to verify that

e w is continuous and nondecreasing,
e w(z) <2 for each z € [0, +00),

e w(zx) =2 for each z > 3,

e w'(z) exists for each = € [0, +00) (finite or infinite),

w'(
o w'(2)=

Define f : [0,+00) — [0, +00) as

f(z) = Z 27w (2"x) for each z € [0, +00).
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It is not difficult to verify that (14)—(16) hold.

i i i
0 1 2 3

Y

Figure 16

R. W. Vallin [65] generalizes this considerably by showing that for each
(G5 measure zero set Z there is a continuous metric preserving function f
such that

7 (+o00) = {0} U Z.

Vallin’sargument is technically interesting. As a starting point, he uses the
following result mentioned in [10]:

Lemma 4. Suppose Z C [0,1] is a Gs set of measure zero. Then there is an
absolutely continuous function g defined on [0,1] such that g'~1(+o00) = Z
and ¢'(xz) > 1 for all x € [0,1] — Z.

Vallin’s task is to modify the g of Lemma 4 so that it retains the properties
in the lemma but becomes metric preserving. First he replaced g by f
defined by

0, if x =0,
f(x):{z o

2 .arctan(g(z)) + 1, if z € (0,1].
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Then

1. f is metric preserving,

2. f’ exists (in the extended sense) at all z, and

3. f7(+o0) ={0}uZ.
This function is, however, not continuous at the origin. Vallin’s next goal is
to construct a metric preserving function with infinite derivative on {0} UZ
which is continuous on all of [0, 1]. To build the required function, he makes
use of the technique described in Proposition 5.2.

Let g be the function from Lemma 4 which is absolutely continuous on

[0,1] and

g'(z) = 400 for x € Z, while
g'(z) exists and is finite for x ¢ Z.

Define j(x) = 2 arctan(g(x)) + 1. On [0,1], this § is not just continuous,
but uniformly continuous. So we can rate at which §’(x) becomes infinite
on {0} U Z. Since § is uniformly continuous, for each n € N there exists a
8, > 0 such that for all z € [0,1]

if |z — y| < 0y, then |g(z) — g(y)| <27™.
Now for small h values there is an n such that h € [6,,41,0,) and so
%19+ h) = §(2)] < 1/(2"0n11)

for each x € [0, 1].
Let s : [0,1] — [0,1] be an increasing, differentiable, concave function
such that s(0) = 0 and for all n

5(6n)
On

>1/(2"0n41).

Using this s we can construct a sequence of continuous, differentiable metric
preserving functions f,.

Start with (an)nen, a sequence of points not in Z converging to zero. For
each n find the point b,, such that s(b,) = §(a,). If b, > %an define

s(2bpz/a,) on [0,a,/2],
fu(z) =< t(z) on [an/2,an],
g(x) on [an,1],
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where t is a differentiable spline with range [1, 2] satisfying

t(@) — )] < 5 (Lo~ y]) for [o — y| < an/2

If b, <ap/2let

s(z) on [0,by,)],
falz) =< t(z) on [by,a],
g(z) on [an, 1],

where again ¢ is a differentiable spline with range [1, 2] now satisfying
[t(z) — t(y)| < s(jz = yl) for |z — y| < bn.
From Proposition 5.2 each f,, is metric preserving and f, () = 400 on
{0} U ([an, 1] N Z). Last, define

fl) =Y 27" fu(2).

Vallin’s function f has domain [0, 1]; to be truly metric preserving, the
domain needs to be [0,400). This is easily accomplished by replacing f by

f(h) where h(z) = 175, restricted to [0, +00). (See Corollary 0.2.)
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8. The standard Cantor function is metric preserving

The usual definition of the standard Cantor function (”the devil’s stair-
case”) involves the classic middle-thirds description of the standard Cantor
set. (See [16] and [52].) We offer an alternate definition of this function.

Define a sequence of functions ¢, : R — [0, 1] by

0 a0 L. 6,(32) if o< 2
do(z) =< o H0<z<1 ¢ppi1(x) =
1 ifz>1 1+1.9,82-2) ifz>1

It is easy to check that each ¢,, is non-decreasing, that ¢,(z) = 0 for all
x <0, that ¢, (x) =1 for all z > 1, and that the two lines in the definition
of ¢n11 agree in the overlap of their domains, both giving ¢,41(z) = %
when % <zx< %

Put ¢ = limy,— 4 o0 Gn.

A

Figure 17

It is not difficult to verify that the restriction of ¢ to [0, 1] is the stan-
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dard Cantor function . (See Fig. 17.) The functions ¢, are polygonal
approximations of ¢.

W. Sierpinski in 1911 gave the following characterization of the standard
Cantor function (using a system of three functional equations).

Proposition 1. (See [57].) There is a unique function ¢ : [0,1] — [0,1]
which satisfies for each t € [0,1] the equations

t) _ »@) 41\ _ 1 t+2) _ 1, ¢()
() =5 ¢(F) =3 () =3+5"
This function is continuous, increasing, and possesses a dense set of inter-
vals of constancy.

Proposition 2. (See [13].) There is a unique function ¢ : [0,1] — [0,1]
satisfying the conditions:

p(r) =1/2 forx €[5, 3],
p(r) =20 (3) for x €10,1],
o) =1— (1 —1z) for x €[0,1].

Theorem 1. The standard Cantor function is subadditive.

Proof. The function ¢ is the pointwise limit of the functions ¢,, as n — +o0.
So to prove the subadditivity of ¢, it suffices to prove the subadditivity of
all ¢, which we do by induction on n. The case n = 0 is trivial, so we
proceed to the induction step from n ton + 1. Let 2,y € R, z > y. Here
we consider several cases.

Case 1: y < 0. This case is trivial as f, 41 is monotone.

Case 2: y > % In this case,

g1 +y) <1=35+ 1 < dppa(x) + dnr1(y).
Case 3: < % As z, y and x + y are all < %, we have
Pn+1(z +y) =5 P32 +3y) <
<1.0,32)+ 1 60(3y) = bnr1(2) + Pt (y).

Case 4: Ogygégm. Asx—&—yZ%,wehave
Pn1(r+y) =5 +3 (B +3y—2) <
< % + % - ¢ (3r —2) + % 0 (3y) = bnt1(x) + Pnt1(y).

These four cases exhaust all the posibilities, so the proof is complete.
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Corollary 1. The standard Cantor function is metric preserving.

Remark. It is not difficult to verify that z — @) is not nonincreasing on

(0, +00). !
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9. Metric preserving functions of several variables

There is a natural way of introducing an algebraic structure on a product
of algebraic structures of the same type. For example, if (4, ®) and (B, ®)
are groups, then (A x B, ®), where (a1,b1) ® (az,b2) = (a1 ® az,b1 @ be) is
a group as well. The application of this method to metric spaces yields a
mapping which is not a metric.

Let (Mi,d1), (Ma,ds2) be metric spaces. It is well known that dy + da,
/@2 + d3, max(dy,ds) are metrics on M; x Ms. In these cases we obtain
new metrics as composite functions of the real functions (z,y) — = + vy,

z,y) — /2?2 + 92, and (z,y) — max(zx,y), respectively, wi e ”vector
2 2 d tivel ith the ”vect
metric”

d: (M x Ms)* — [0, +00)?, where d((p,q), (r,5)) = (d1(p,7), d2(q, 5)).

We can describe these cases by the following diagram

(Ml X M2)2 [0,+OO)2

/
£(d) \

[0, +00)

where f is a suitable function of two variables.

We shall generalize this idea.

Let T be a nonempty set of indices. Consider the indexed family

{(My,d;)}ser of metric spaces. Define d : ( [ M;)? — [0, 4+00)T as follows
teT

d((we)ter, (Ye)ter) = (de(xe, y¢))ter-

We say that f : [0, +00)T — [0, +00) is a metric preserving function if for
each indexed family {(M, d:)}ter of metric spaces the composite function

f(d) is a metric on the set [] M;.
teT
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(11 My L [0, +00)T

Let us begin by recalling that a function f : X — [0, +00) is said to be
subadditive if it satisfies the inequality f(x + y) < f(x) + f(y) whenever
z,y € X, where X is an additive monoid.

Let us recall that a function f : [0, +00)T — [0, +00) is called isotone iff

f(z) < f(y) whenever 0 < z; < y; for each t € T.
The following sufficient condition is a generalization of Theorem 1.1.

Theorem 1. (See [46].) If f : [0,+0c0)T — [0,+00) is an isotone, sub-
additive function vanishing exactly at the constant zero function, then it is
metric preserving.

Suppose [0, +00)T is ordered coordinate-wise, i.e.
x<rpy iff =z() <y(t) for each t € T}
x<rpy iff x(y) <y(t) foreach t € T.
Define a function @, : T — [0, +00) by ©,(t) =0 for each t € T'.
Proposition 1. Let f : [0, +00)T — [0, 4+00) be such that

(i) f(QT) =0,
(ii) Ja > 0Vz € [0,400)T,2 £ 6O, : a < f(z) < 2a.

Then f is metric preserving.

The following Theorem gives a characterization of metric preserving func-
tions. (See [5].)

Theorem 2. Let f:[0,4+00)T — [0,+0c0). Then f is metric preserving iff
it is a function vanishing exactly at the constant zero function and it has
the following property

if (at,be, ct) is a triangle triplet for each t € T,

then (f((at)ter), f((be)ier), f((ct)ieT)) is a triangle triplet.
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Corollary 1. Let f:[0,+00)T — [0, +00) be metric preserving. Then for
all z,y € [0, 4+00)" we have

(VteT:x(t) <2y(t)) = f(z) < 2f(y).

Theorem 3. Let f :[0,4+00)T — [0, +00) be metric preserving. Then
f is continuous iff f is continuous at the point O .

Proof. Let ¢ > 0. Then there is an open neighborhood U of the point @,
(in the product topology) such that for each x € U we have f(z) < . Let
V C U be a base element such that ©, € V, i.e. there is a nonempty finite
subset F' of T such that

V= ()7t (0.7)).

teF

where v, > 0, and m; is the projection from [0, +00) into [0, +oc0), i.e.
7¢(z) = x(t) for each z € [0, +00)7.

Put v = min~y,. Since () 7, *([0,7)) C V, for each z € [0, +oc)” we
teF teF
have

VteF:z(t)<v)= f(z) <e.

Let z € [0,4+00)T,  # O,. Put 6§ = /2.
Let y € [0, +00) be such that for each t € F

|z(t) — y(t)] < 0.
Define z : T — [0, 400) by

2(t) = { min (6, z(t) +y(t)), fort e F,

x(t) + y(t), forteT — F.

Evidently (z(t),y(t), 2(t)) is a triangle triplet for each ¢ € T'. Since z(t) < v
for each t € F', we obtain

[f(@) = fy)l < f(2) <e.

This shows that f is continuous at the point z.
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Lemma 1. Let f : [0,4+00)T — [0,4+00) be metric preserving. If f is
continuous, then

Ve >0 3z €[0,400)", 0, <z f(x) <e.

Proof. Let ¢ > 0. Since f is continuous at the point ©,, there is a neigh-
bourhood U of ©, (in the product topology) such that for all x € U we
have f(x) < e. Then there are § > 0 and a nonempty finite subset F of T'

such that
() = *([0,9) c U.
teF

Define a function z : T' — [0, +00) by x(t) = 6/2 for each t € T
Since z € U, we have f(x) < e.

Proposition 2. Let T be a finite set. Let f : [0,4+00)T — [0,+00) be
metric preserving. Then f is continuous iff

Ve >0 3z €[0,+00)", 0, <rz: f(x) <e.

Proof. Let € > 0. Then there is a € [0,+00) such that ©; <, a and
f(a) < e/2. Put

U = ()7 (0, min a(®).

By Corollary 1 for all z € U we obtain f(z) < 2f(a) < ¢, therefore f is
continuous at the point ©.

The following example shows that the assumption "0, <, z”

sition 2 cannot be replaced by the assumption "z # O.”.

Example 1. Let f:[0,+00)? — [0,+00) be defined as follows:
min(l,y) for = =0,

f(:c,y){ 1 for x # 0.

Then f is metric preserving and discontinuous, but

Ve>03z€[0,+00)% 2 #0,: f(z)<e

in Propo-

(for example z = (0, min(1, £)).

Corollary 2. Let T be a finite set. Let f be metric preserving. Then f is
discontinuous if and only if

In>0Vze0,+00)", 0, < x: flz) >
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10. Metrization of the product topology

Consider an indexed family {(M,d:)}ier of metric spaces. Denote by
7:, the product topology on [],., M;.

For each metric preserving function f denote by 7; the topology on
HteT M, generated by the metric f(d). A natural question arises whether
we can investigate metrizability of the product topology 7, by the metric
f(d) = f od. The results in this section are extracted from [5].

Lemma 1. Let f:[0,+00)T — [0,4+00) be metric preserving. Then

T, C 1y.

Proof. Let t € T. Let Bgy,(x¢,¢) be an open ball in the metric space M;.
Let # € 7, '(Ba,(2+,¢)) be such that x(t) = z; (where 7; is the projection
from [[,.p M; into M;). Define a : T — [0, +00) by a(t) = 2¢ and a(i) = 0
for each i € T'— {t}. Put 6 = f(a)/2. Let y € By(q)(x,d). Then

fld(z,y)) <6 = f(a)/2.

By Corollary 9.1 we have
(VieT:a(i) < 2di(x(i),y() ) = fla) < 2f(d(z,y)),

or equivalently

fld(z,y)) < f(a)/2= (Fj €T :d;(x(5),y(j)) <alj)/2).

By definition of a we obtain j = ¢, which yields d;(z(t),y(t)) < a(t)/2 = ¢,
ie. y €m (B, (1,¢)).
This shows that 7, C 7.

Let S C T be a nonempty set. Define 157 : [0, +00)° — [0, +00)T by

a(t), fortes,

for each a € [0, +00)”.
0, forteT — S,

(sr(a)(o) = {

Put H = {t € T : the metric space (M, d;) is not discrete}.

53
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Proposition 1. Let F' be a nonempty subset of T such that H C F and
T —F is finite. Let f : [0, +00)” — [0, 4+00) be metric preserving. If f(trT)
is continuous, then T, = Ty.

Proof. We show that 7y C 7,. Let x € [[,cp M; and € > 0. Since f(vr1)
is continuous at the point @, there is a nonempty finite subset K of F' and
v > 0 such that for each y € [0, +00)

(Vte K:y(t) <v)= flrr(y) <e.
Since T — F is finite, there is 8 > 0 such that for each t € T — F

Ba, (x(t), 8) = {=(t)}.
Put § = min(3,7), L=K U (T — F), and V = ( 7; *(Bg,(x(t),6)). Then
V is a neighborhood of x in the 7. teL
It is not difficult to verify that V' C By (x, €).

Corollary 1. Let f : [0,+00)”T — [0,4+00) be a continuous metric preserv-
ing function. Then T, = Ty.

Put I = {t € T": the metric space (M, d;) is bounded}.

Proposition 2. Suppose that H N I is finite. Let f : [0, 4+00)? — [0, +0c0)
be metric preserving. If T, = Ty, then f(vm 1) is continuous.

Proof. Since f(tp,r) : [0,4+00) — [0, +00) is metric preserving, it is suffi-
cient to prove that it is continuous at the point @. Let = € HteT M; be
such that, for all t € H, x(t) is an accumulation point of the set M;. Let
€ > 0. Then Byg(r, 5) € Ty C T, hence

K C T,K # 0 finite 3y > 0: () 7, " (Ba, (z(t),7)) C By (@, £).
teK

Let F be a nonempty finite set such that HN (K UI) C F C H. Let
t € F. Since z(t) is an accumulation point of M, there exists y: € M; with
0 < d¢(x(t),y:) < 7. Put 6 = mingep di(z(t),y:). Let z € [0, +00) be such
that z € ﬂteFﬂt_l([O,é)). Then

Vte H—F Jy; € My : 2(t) < de(x(t), yr)-

)
Define a mapping y : T' — U, My by y(t) = y; for t € H, y(t) = x(t) for
teT—H. Theny € (,cx 7 ' (Ba,(z(t),7)) and by Corollary 9.1

(f(err(2) < 2f(d(z,y)) < e.

This shows that f(tg,7) is continuous at the point ©.
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Corollary 1. Let f : [0,4+00)T — [0,+00) be metric preserving. In the
case of (My,di) = (R,e) for each t € T (where e is the Fuclidean metric),
Tn =Ty iff f is continuous.

Corollary 2. Let T be finite. Let f : [0,+00)T — [0,4+00) be metric
preserving. Then Tn = T; iff f(ta,r) is continuous.

The following example shows that the assumption "7 is finite” in Corol-
lary 2 cannot be omitted.

Example 1. Consider (for each n € N) M,, = [0, 1/n] with the usual metric
en(u,v) = lu—vl.

Define f : [0,400)N — [0,+00) by f(z) = sup,cy(min(1,z(n))) for all
z € [0, +00)N. Then we can verify that f is metric preserving, 7, = 7 but
f is not continuous.

Theorem 1. (See [5].) Let f :[0,+00)T — [0,+00) be metric preserving.
Then T, = Ty iff

Ve>03FCT finite 36 >0V aec N Jac0,4+00):

(i) VteT—(UF):a(t) > at),
(i) Vtel—F:a(t) > diam M,
(iii) Vte FNH:at) >4,
(iv) fla) <e.

Proof. Necessity. Choose x € [, My such that z(t) is an accumulation
point of the set M; for each t € H. Let € > 0. Since 7/, = Ty,

IF C T, F # 0 finite 3y > 0: (| m; ' (Ba, (2(t),7)) C Bpay(@,2/4).
ter

Let t € F N H. Then there is y, € M; such that 0 < d¢(x(¢),y:) < ~y. Put

§— { mintanH dt(l’(t),yt), it FNH 7£ @
1 if FNH = 0.

)

Let « € NT. Let t € T — (I UF). Then there is y;, € M, such that
di(z(t),y:) > a(t). Let t € I — F. If diam M; > 0, there exists y; € M; such
that

di(z(t), y¢) > § - diam M.
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If diam M; = 0, put y; = «(t). For each t € F' — H put y; = x(¢t). Define
a mapping y : T' — J,cqp My by y(t) = y; for all t € T. Put a = 4d(x,y).
Then

fla) <4-fld(z,y)) <4-e/d=e.

Sufficiency. Let x € [],c M; and € > 0. Then there exists a finite set
F C T such that

36 > 0Va e N 3a € [0, +00)T :

(i) VieT —(IUF): a(t) > aft),
(i) VteI—F:a(t) > diam M,
(iii) Vie FNH:a(t) >4,

(v) f(a) <e/2.

Since F' — H is finite there is v > 0 such that
Vt€ F—HVye M,y#at): di(z(t),y) >7.

Let K be a nonempty finite set such that FF C K C T. Put

V = () 7 (Ba, (a(t), min(y, 5))).

teK

Let y € V. Let t € (T — ((I UF)). Then there exists a positive integer n;
such that d;(x(t),y(t)) < n;. Define a mapping o : T'— N by

ny, foreachteT —(IUF)
a(t) =

1, otherwise.

Then there is a € [0,+00)T such that (i), (i), (iii) and (v) hold. It is not
difficult to verify that d(x,y) <, a. By Corollary 9.1 we obtain

fld(z,y)) <2f(a) <2-¢/2=¢, ie. y € Byay(z,e).

This shows that 7y C 7.

This Theorem shows that this metrizability depends on boundedness and
discretness of factors only.
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11. Metrization of the product uniformity

Consider an indexed family {(M,d:)}ier of metric spaces. Denote by
U, the product uniformity on [[,., M;.

For each metric preserving function f denote by U the uniformity on
[I;cr M; generated by the metric f(d). A natural question arises whether
we can investigate metrizability of the product uniformity U by the metric
f(d). The results in this section are extracted from [6].

Lemma 1. Let f: [0,+00)T — [0, 4+00) be metric preserving. Then

U, cu f-
Proof. Let U € U,. Then there is a finite nonempty subset F' of T and

€ > 0 such that
m (m x m) "M (dy 1 ([0,€))) C U.
teF
Define a mapping 1 : F — [0, +00)” as follows
2e, ifi=t,
(n())(@) = { o i for each t € F.
0, otherwise,

Let t € F. Put 6; = f(n(t))/2 and W, = (f(d))~1([0,5;)). We show that
W, C d;'([0,€)). Let (z,y) € Wy. Then f(d(z,y)) < 6 = f(n(t))/2,
therefore by Corollary 9.1 we obtain
dy(x(t), y(t)) < (n(t)(t)/2 = €.
This shows that (), Wi C U. Evidently (,cp W; € Uy.
Proposition 1. Let f : [0, +00)T — [0, +-00) be metric preserving. Suppose
that f is continuous. Then U, = Uy.

Proof. Let U € Uy. Then there is ¢ > 0 such that (f(d))~'([0,¢)) C U.
Since f is continuous at the point O, there exists a finite nonempty subset
F of T and exists v > 0 such that

Va € [0,+00)T : (Vt € F:a(t) <v) = f(a) <e.
Put V = e p(m x m)71(d; *([0,7))). Evidently V € U,. We show that
V. C (f(d)~H([0.¢)).
Let (z,y) € V. Then d;(z(t),y(t)) < for all t € F, which yields
fd(z,y)) <e.
This shows that V C U.
Put S = {t € T : the metric space (M, d;) is not uniformly discrete}.
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Theorem 1. (See [6].) Let f: [0,+00)T — [0,+00) be metric preserving.
Then U~ = Uy iff

Ve>03 FCT finited >0V ac N Jac|0,+00) :

(i) VteT—({UF):a(t) > at),
(ii) Vtel—F:a(t) > diam M,
(i) Vte FnS:a(t) >,
(iv) fla) <e.

Proof. Necessity. Let € > 0. Since Uy C U, we have

(f(d))71([0,¢/2)) € Us.
Thus there is a finite nonempty subset F' of 7" and v > 0 such that
() (e x 7))~ (d;([0,7))) C (f(d)~*([0,2/2)).
teF

Let t € FNS. Then there are us, v; € M; such that
0< dt(ut,vt) <.

Put § = min{d;(us, v¢) : ¢ € F NS} (in the case of FNS = let § > 0 be
arbitrary). Let o € NT. Let t € T — I. Then there are p;, ¢; € M; such that

di(pe, qe) > a(t).

Put J = {t € I : diam M; > 0}. Let t € J. Then there are r, sy € M; such
that
dt(”f’t, St) > % . diath.

Let t € T. Since M; is a nonempty set, choose an arbitrary element w; € M;.
Define the mappings z,y : T — UteT M; as follows

Ut, Vt, fort e FNS,

Dt q, forteT—(IUF),
x(t) = y(t) =

Tt, St, fOI‘tGJ—F,

Wy, Wy, fOI‘tG[I—(JUF)]U(F—S).
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Put a = 2d(z,y). Now we show that a satisfies the conditions (i)—(iv).
(i): Lett € T—(TUF). Then a(t) = 2-de(x(t), y(t)) = 2-de(pe, ¢1) > a(t).
(ii): Let t € I — (JUF). Then a(t) = 2 - d¢(we, wy) = 0 = diam M.
Let t € J—F. Then a(t) = 2-dy(r¢, s¢) > 2-3-diam M, = diam M —t¢.
This shows that a(t) > diam M, for allt € I — F.
(iii): Let t € FNS. Then a(t) =2 - di(ug, ve) > 0.
(iv): Let t € FNS. Then di(x(t),y(t)) = di(ut,v:) < 7.
Let t € F — S. Then di(x(t), y(t)) = di(we, we) =0 < 7.
Therefore dy(z(t),y(t)) < 7 for each t € F, i.e.

(2,9) € (1) (me > m) "M (dy([0,7)))-

teF

Then by Corollary 9.1 we obtain
€
fla) <2 fld(a,y) <2 5 =<

Sufficiency. By Lemma 1 it suffices to prove that Uy C U,. Let U € Uy.
Then there is € > 0 such that

(f(@)~'([0,2)) C U.
Then by the hypotheses we have
JF C T, F # () finite 36 > 0 Yo € N” 3a € [0, +00)” = (1)—(iv).
Let v > 0 be such that
d;1((0,7)) = 0 for each t € F — S.
Put

A= () (xe x )~ (d; (0, min(3,5)))).

teF
Evidently A € U,,. Let (z,y) € A. Then

di(z(t),y(t)) < min(y,d) for each ¢t € F.
Let t € T — (I UF). Then there is a positive integer n; such that

di(z(t), y(t)) <.
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Define a mapping o : T'— N by

at) =

{nt, forte T —(IUF),

1, otherwise.
Then there is a € [0, +00)” satisfying (i)—(iv). We show that d(z,y) < a

diam M; foreachtel—F,

da(x(t), (1)) 6 foreacht € FNS,
A a(t) foreacht e T — (IUF),
0 foreacht € F — S,

which yields d¢(z(t), y(t)) < a(t) for each ¢ € T. Therefore by Corollary 9.1
we obtain

fld(z,y)) < 2f(a) < 2,

e. (z,y) € (f(d))7([0, 2¢)).
ThlS show that A C (f(d))~1([0,2¢)) C U, therefore U € U,,.
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12. Topologies on a product of metric spaces

The results in this section are extracted from [18].

Proposition 1. Let Q # 0 be finite. Let f : [0, +00)% — [0, +00) be metric
preserving. Then f is continuous if and only if f(1(q1,q) is continuous for
each q € Q.

Proof. One part of the proof follows from the fact that ¢s 1 is continuous
for each S C T (see [8], p. 59). For the second part, let € > 0, ¢ € Q. Since
f(t{q},@) is continuous,

dz, >0: (fL{q},Q(l‘q)) < e/(card Q).

Put

a= Z Ligy,Q(q)-

q€Q
Thus a € [0, +0)?, O, <, a, and
Fla) <D fligyolzg)) <e.
q€@

Then by Proposition 9.2 the function f is continuous.

For each metric preserving function f : [0, +00)” — [0, +00) put
F(f)={t€T: f(iyy,r) is continuous}.
Corollary 1. Let T be a nonempty set. Let f : [0,4+00)T — [0,+00) be
metric preserving. Then f(ivsr) is continuous iff S C F(f).

The following example shows that the condition “finite” in Proposition 1
cannot be omitted.

Example 1. Let P # (). Define a mapping f : [0, +00)” — [0,+00) as
follows
f(a) = sup{min(1,z) : t € P}.

Then f is metric preserving, F'(f) = P, and f is continuous iff P is finite.

Define a function jr : [0, +00)? — [0, +00) by

(){O for x = O,
JTAE) = 1 for x # 6.
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Proposition 2. Let the set T be finite. Let h: [0,+00)? — [0,4+0c0) be a
continuous metric preserving functions. Let S be a monempty finite subset
of T. Define a mapping hs : [0, +00)T — [0, +00) as follows

h(z)/(1+ h(z)) for z € Im(ig 1),
1 otherwise.

hs(x) = {

Then hg is metric preserving and F(hg) = S.

Proof. Let z € [0,+00)T. Then hg(z) =0 h(z) =0 < 2= O;.
Let 2,y,2 € [0,+00)T, 2 <, y+2,y <r x+2, 2 < x+y. Since h is metric
prreserving, we have

h(z) < h(y) + h(z).

If hs(y)+hs(z) < 1,then z,y, z € Im(vg, 1), thus hg(z) = h(x)/(1+h(z)) <
h(y)/ (1 + h(y)) + h(2)/(1 + h(z)) = hs(y) + hs(z). If hs(y) + hs(z) = 1,
then hg(x) <1< hg(y) + hs(z). This shows that hg is metric preserving.

h(t
Since h is continuous, hs(ts,r) = HT?T)) is continuous. Thus
Ls,T

S C F(hs)

Since for each t € T'— S the function hs(t{sy,7) = jr(tqs,7) is not contin-
uous, we have T'— S C T — F(hg).

Consider an indexed family {(My, d¢)}ter of metric spaces (where T # ()
is a set of indices). Put

L={Ts;f:]0,+00)" — [0,+00) is a metric preserving function}.

Proposition 3. Let f,g:[0,+00)T — [0,4+00) be metric preserving. Sup-
pose that Ty C 1,. Then

F(f) > F(g)NH.

Proof. Let t € F(g) N H. Let € > 0. Select a € [, M; such that a(t) is
an accumulation point of M;. Since 7y C 7, there exists § > 0 such that

Bg(d) (a, 25) C Sf(d) (a, E).
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Since g(t{s),7) is continuous, we have

Jy >0:g(eqey,r(y) <0

Let ¢ € M; such that 0 < d¢(a(t),q) < y. Define a mapping b: T — |J M;
teT
as follows
q for s =t,

b(s) = { a(s)  otherwise.

Put z = dy(a(t),b(t)). Since (gt r) is metric preserving and = < y, we
have g(d(a, b)) = g(ty,7(2)) < 2-9(tqny,7)(Y)) < 20. Thus b € Syq)(a, 20).
Then we have f(ty,7)(2)) = f(d(a,b)) < e. This shows that the function
f(tgey,7) is continuous.

In the following it will be proved that if T is finite, then the topologies
generated by metric preserving functions are determined by subsets of the
set of all indices ¢ such that the metric spaces (Mg, d;) are not discrete.

Theorem 1. Let the set T be finite. Let f,g : [0,+00)T — [0,+00) be
metric preserving. Then Ty C Ty iff F(f) D F(g9) N H.

Proof. One part of the proof follows from Proposition 3.
For the second part, let a € HteT My, € > 0. We show that

36 > 0: By (a,0) C Byay(a,e).
Let v > 0 such that
VteT — HVbe[0,+00)T : (di(a(t),b(t)) <) = a(t) = b(t).
Let n > 0 such that
VteT — F(g) Ve > 0: g(tqn,r(z)) > n.
Let t € F(f). Since f(t¢,7) is continuous, there exists 2; > 0 such that

flepyr(we)) <e/(2cardT).

Put
0 = g(tqey,r(e)) /2.
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For each t € T — F(f) put a; = 0. For each t € T put

Y = g(tqe0(7))/2.

Put
d=min({6;:t € F(f)}U{yv:t€T}U{n/2}).

Let b € By(a)(a,0), t € F(f). Since 2g(d(a,b) < 26 < g(t(sy,7(x1)), We have
2di(a(t),b(t)) < ;.

Let t € T — H. Since 2g(d(a, b)) < 26 < g(¢(ry7(yt)), we have
2ds(a(t), b(t)) < 7.

Therefore a(t) = b(t).
Let t € T — F(g). Put

u = di(a(t), b(t)).

Since ¢4y, 7(u) <r 2-d(a,b)), we have
9(eqey,r(u)) < 2-g(d(a,b)) <26 <.
Thus a(t) = b(t). Therefore we obtain

fld(a, b)) <2- f (Ztg},ﬂ%)) <2-) fluynrl(a) <e

teT teT

This shows that b € Byq)(a,¢).

Corollary 1. Let the set T be finite. Let f,g : [0,4+00)T — [0,+0c0) be
metric preserving. Then Ty =T, iff HNF(f) = HN F(g).

The following example shows that the condition “finite” in Proposition 3
cannot be omitted.
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Example 2. Let P be an infinite set. Let a : P — N be a surjection.
Define a mapping g : [0, +00)¥ — [0, +00) as follows

g(x) = sup{min(1,a(t) - z(t)) : t € P}.

It is not difficult to verify that g is metric preserving. Consider the metric
preserving function f from Example 1. Consider the indexed family of
metric spaces {(Mz, d;)}rep given by My = R, di(z,y) = |x — y| for each
t € P. Evidently Byq)(©p,1) € 7,. We prove that By(q)(©»,1) ¢ 7y. Since
for every constant function u € [0, +00)", u # O, we have g(u) = 1, for
every € > 0 we obtain

Bf(d)(@p, e) ¢ Bg(d)(@p, 1).
Thus Byq)(@r,1) is not the neighbourhood of the point @ in 7;. This
shows that Byq)(©p,1) ¢ T;. Then 7, ¢ Ty, but F(f) = F(g) = P.
Proposition 4. Let the set T be finite. Let h : [0, +00)T — [0,4+00) be a

continuous metric preserving function. Put hy = jr. Then

L=A{T,:SCH}.

Proof. Let f : [0,4+00)T — [0,4+00) be a metric preserving function. Put
S =HNF(f). Then we have HN F(hg) = HNS = HN F(f). Therefore
,Tf = Ths-

It is not difficult to prove that the partially ordered set (£, C) is a lattice.
Theorem 2. The lattices (£, C) and (exp H, C) are dually isomorphic.
Proof. Define a mapping €2 : £L — exp H by

QT) = HO F(f).

Then the mapping €2 is a dual isomorphism.

A characterization of the lattice of topologies 7y on an infinite products
of metric spaces is an open question.
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13. Isotone metric preserving functions

Lassak [35] investigated metric preserving functions of the form x — ||z||,
where || - || is a norm in the space R".

Proposition 1. (See [35], [29].) Let || - || be a norm in R™. Then the
function x — ||z|| is metric preserving iff it is isotone.

There is a norm in R? which is not isotone

(for example ||(z,y)|| = V22 +y2 — 2y).

A different approach can be found in Aumann’s monograph [1]. For each
function f : [0, +00)™ — [0, 4+00) define the functions
fi 1 [0,400) — [0, +00) (i =1,2,...,n) as follows
fi(z) = f(=,0,0,...,0),
f2(ﬂf) = f(07x707~ . ~70>7

0,...,0,0,2),

Ty Ty .., T,T).

We say that a function f : [0, 4+00)"™ — [0, 4+0c0) is an Aumann function iff
(1) f is isotone,
(2) f is subadditive,
(3) fi(zx) = fa(x) =+ = fo(x) = x for each z € [0, +00).

The following three functions are examples of such functions:

1<i<n

x?, folx) = in, f3(x) = max{x;}.
i=1

The property (3) determines Aumann functions on the border of their
domain. The greatest variability of these functions we can expect on the
diagonal.

Proposition 2. Let f be an Aumann function. Then the function f. has
the following properties
(i) fa is nondecreasing,
(i) fa is subadditive, and
(i) = < fa(z) < nz for each x € [0, +00).
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A natural question is how much the properties (i)—(iii) determine Au-
mann functions on the diagonal. The answer is provided by the following
theorem.

Theorem 1. (See [50].) Let ¢ : [0,+00) — [0, +00) be a function satisfying
properties (i)—(iit). Then there is an Aumann function f such that ¢ = fa.

Proof. Tt is sufficient to define this function f by

() f(x) = max{ max {ai}, f (% Z) }

It is not difficult to verify that the function f has the required properties.

The following example shows that there is an Aumann function which is
not a norm in R".

Example 1. Let f has the form (*), where

2z, if0<x<0.5
olx) =4 1, if0.5<z<1,

x, otherwise.

This function is not homogeneous (e.g. 3f(1,1,...,1)=2#1=F(2
Fig. 18 for the case n = 2.)

67
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Note that functions of the form (*) are symmetric. The following example
shows that there are Aumann functions which are not symmetric.

Example 2. Define f : [0, 4+00)™ — [0, +00) as follows

n

f(z) = max < max{a;},a; + min I,Zai .

1<i<n :
i=2

It is not difficult to verify that this function is an Aumann function and
f(1,1.5,0,...,0) =2 # 2.5 = f(1.5,1,0,...,0). (See Fig. 19. for the case

n=2)
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Figure 19

[0, +00)™ — [0, +00).

Denote by A, the set of all Aumann functions f :

Then

1

n) with > p; =

1<i<

1) A, is convex, i.e. for each p; € [0,+00) (

1

i

.,n) we have Y p;f; € A,.

1,2,..

and for each f; € A, (i

2) Let f € A,.

1

%

.,Jn) be an arbitrary permutation of

.,n). Define g : [0, +00)™ — [0, +00) by

Let (jl,jg, ..

(1,2,..

. ,l‘jn).

f(xj17$j27"

-axn)

g(x1, 29, ..

Then g € A,.

If f € A, is not symmetric, then the function

g :]0,+00)™ — [0,400) defined by

Jn)

(41,925

is a symmetric function from A,,.
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3) Let f € A,, r > 0. Define g : [0, +00)™ — [0, +00) by
1
o) =~ f(ra).

Then g € A,.
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14. Sums of metrics

L. Zsilinszky [68] studied properties of the sum of metrics on a given set
and asked the following question:

Is it true that the sum of two metrics generating separable metric spaces
generates a separable metric space again ?

The results in this section are extracted from [51].

Let X be a given nonempty set. Let d; be an arbitrary metric on the set
X foreachi=1,2,...,n. Put

D={(z1,22,...,2p) EX" i1 =22 =+ =Tp}.

For each metric preserving function f : [0,400)" — [0,4+0c0) define a
metric oy on the set X as follows

Qf(aja y) = f(d1(x,y), d2(x7y)’ vee 7dn(x7y))

It is easy to see that the metric space (X, oy) is isometric to the metric
space (D, £(d)).

Lemma 1. If f is a discontinuous metric preserving function, then the
metric space (D, f(d)) is uniformly discrete.

Proof. By Corollary 9.2 there is > 0 such that f(x1,z9,...,2,) > 1 for
eachz; >0 (i =1,2,...,n). Let a,b € X, a # b. Put x; = d;(a,b) for each
i1=1,2,...,n. Then

fd((a,a,...,a),(b,b,...,b))) = f(di(a,b),da(a,b), ..., dn(a,b)) =
n n :f(xl,xg,...,mn)Zn.

Now we give a positive answer to the problem of Zsilinszky. (See [51].)
Suppose that (X, d;) is separable for each i = 1,2, ..., n. If f is a continuous
metric preserving function, then (X", f(d)) is a separable metric space, and
(D, f(d)) is its separable subspace.In the case of discontinuity of f the space
(D, f(d)) is separable iff the set D is countable.

71
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Theorem 1. Let (X,d;) be a compact metric space for eachi=1,2,...,n.
Let f : [0,400)" — [0,400) be metric preserving. If f is continuous then
the following conditions are equivalent:

a) (X, oy) is a compact space,
b) (D, f(d)) is a closed subspace of (X", f(d)).

If f is discontinuous then (X, of) is compact iff it is finite.
Proof. By Corollary 10.1 the metric f(o) generates the product topology

on X™. Hence (X", f(d)) is a compact space. Therefore the space (D, f(d))
is closed iff it is compact.

In the same way we can prove the following theorem.

Theorem 2. Let (X,d;) be a complete metric space for eachi=1,2,...,n.
Let f : [0,400)" — [0,400) be metric preserving. If f is continuous then
the following conditions are equivalent:

c) (X, o) is a complete space,
d) (D, f(d)) is a closed subspace of (X", f(d)).

If f is discontinuous then (X, 0y) is a complete space.

Finally we describe the relationships between the metrics Z?Zl d; and
of-
Theorem 3. Let f : [0,+00)™ — [0,+00) be metric preserving. Let (X, d;)
be a metric space for each 1 = 1,2,...,n. If the metric Z?Zl fi is not
discrete then the metrics oy and Z?Zl fi are equivalent iff f is continuous.

Proof. One part of the proof follows from Corollary 10.1. For the sec-
ond part, let (zx)ren be a sequence converging to z in the metric space
(X", 3" | d;) such that z, # z for each k € N. Since oy and >, _, d; are
equivalent, z; converges to z also in the metric space (X, o¢), i.e.
Ve >03ko e NVE > ko : d(z,2,) < e.
Put z; = d;(z, z1,) for each i = 1,2,...,n. This shows that
Ve >0 Jxq,22,...,2n > 0: f(x1,29,...,2,) <&

Therefore f is continuous.

In the same way we can prove the following theorem.
Theorem 4. Let f : [0,+00)" — [0, +00) be metric preserving. Let (X, d;)
be a metric space for each i = 1,2,...,n. If the metric Z?Zl d; 1is not
uniformly discrete then the metrics oy and Y., d; are uniformly equivalent
iff f is continuous.
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15. Modifications of the Euclidean metric on reals

Denote by M the set of all functions f € O such that for each metric
space (M, d) the function dy is a metric on M. Denote by My (M) the
set of all functions f € O such that ey is a pseudometric (metric) on the
real line, where e : R x R — [0, +00) is the Euclidean metric on R
(i.e. e(x,y) = |x — y| for each z,y € R).

Proposition 1. Let f € O. Then
a) f € Mo iff f maps each triangle triplet (a,b,a + b) to a triangle
triplet;
b) f e My iff f € Mo and [ vanishes exactly at the origin.

Denote by F the even extension of f € O, ie. F : R — [0,+00),
F(z) = f(|z|) for each x € R. It is not difficult to prove
Proposition 2. Let f € O. Then the following assertions are equivalent

(i) f € Mo,

(ii) F is subadditive,

(ili) Va,y € [0,400) : [f(x) — f(y)| < f(lz —yl).
Corollary 1. Let f € Mq. Then f is continuous iff it is continuous at the
origin.
Proposition 3. Let f € M. Then F is periodic with the period t > 0 iff
f(t)=0.
Proof. Suppose that f(t) = 0. Let z € R. Then

Flx+t) < F(x)+ F(t) = F(x) < F(z +t) + F(—t) = F(x + 1),

which yields F(z +t) = F(x).
Corollary 2. Let f € My. Suppose that f is differentiable on the right

at some s € f71(0). Then for each t € f~1(0) there exist both one-sided
derivatives of F' and F' (t) = —F' (t) = f.(s).

Proposition 4. Let f € Mo, t € F~1(0). Then F is differentiable at t iff
F' is constant.

Proof. By Corollary 2 the function F' is differentiable at the origin and
F'(0) = 0. Let a > 0. We shall show that f(a) = 0. Let ¢ > 0. Then there
is 6 > 0 such that for each = € (0,6) we have
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Choose n € N such that £ < §. Then

f (2) <<
n n
Therefore f(a) <n-f (E) <e. Since € > 0 was arbitrary, we obtain
fla) =0. "

Corollary 3. If f € My be nonconstant. Suppose f is differentiable on
(0,+00). Then f € M.

The following example shows that the assumption ” f € M?” in Corol-
lary 2.1 cannot be replacet by the assumption ” f € M;”.

Example 1. Define f : [0,4+00) — [0, +00) by
f(z) = |sinz| + | sin v2z|.
Then f € M, but lim+inf f(z)=0.
Now we will describe a construction of differentiable functions f € M;
with liminf f(z) = 0.
x—-+00
Lemma 1. Let f € M, n € N. Define f, : [0,+00) — [0,+00) as follows
f(z) x € 0,271,
fn(x) = f(zn - :C) T € (2n717 2n]’
falz —Ek2™) e (k2™ (k+1).2", (k=12,...).
Then fn, € My.
Proof. Let x,y > 0. Then there are k,l € {0,1,2,3,...} such that

k2" <z <(k+1).2" and 1.2" <y < (I+1).2".
Put a =z — k.2™ and b = y — [.2". Evidently a,b € (0,2"]. Suppose that

a < b. Now we show that (f,(x), fn(y), fn(x +v)) is a triangle triplet. We
distinguish six cases.

1) Let a,b,a+ b € (0,2"71]. Since (a,b,a + b) is a triangle triplet,

(fn(@), fa(v), fulz+y)) = (fla), f(b), f(a+D)) is a triangle triplet.
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2) Let a,b € (0,2" 7!, and a+b € (2"~ 1,2"]. Since (a,b,2" —a —b) is
a triangle triplet,

(f(a), f(b), f(2" —a — b)) is a triangle triplet.

3) Leta € (0,2"71], and b,a+b € (2771,2"]. Since (a,2"—b,2"—a—b)
is a triangle triplet,

(f(a), f(2" = b), f(2" — a —))) is a triangle triplet.

4) Let a € (0,2"71], b€ (271,27, and a + b € (2",3.2"71]. Since
(a,2™ —b,a + b —2") is a triangle triplet,

(f(a), f(2™ —b), f(a +b—2")) is a triangle triplet.

5) Let a,b e (271,27, and a + b € (2",3.2"71]. Since
(2™ —a,2™ —b,a 4+ b — 2™) is a triangle triplet,

(f(2™ —a), f(2" =), f(a+b—2")) is a triangle triplet.

6) Let a,be (271,27, and a + b € (3.2771,2"T!]. Since
(2" —a,2" — b2 — g — b) is a triangle triplet,

(f(2™ —a), f(2" — 1), f(2"' —a — b)) is a triangle triplet.

As a corollary we obtain

Theorem 1. Let f € M. Suppose that f(x) =1 for each x > 1. Define
fo 110, +00) — [0, +00) as follows

fo(z) = sup{2' " f.(x) : n € N} for each v > 0.

Then fo € M1 and fo(2"™) = 27" for each n € N.

The following example shows that there is a differentiable function
f € My with lim_ii_nff(a?) =0.
T— 100
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Example2. Let f € O be such that (for each n € N)

(1) f is nondecreasing,

(2) f is differentiable on [0, +00),

3) flan) =277,

(4) fl(a’n) =0,

(5) f(z) =1 for each x > 1,

(6) f(z) > ky,.x for each © € (any1,an),

(7) f(x) < kyyq for each x € (any1,an),

1-n
Wherean:nJrlamdk:n:2 .
n.2" Qn,

Since f = sup,, gn, Where g, : [0, +00) — [0, +00),

knt1.x x €10,an41),

gn(:C) = f(x) T € [anJrlaan]a
217" 2 € (an, +0),

we have f € M. By Theorem fy € M; and lim+inf fo(z) = 0. It is not
difficult to verify that fp is differentiable on [0, +00).

By this method it is not difficult to construct a singular function f € M;
with 1im_~i_nf f(z) =0.
Tr— 100

Example 3. Let ¢ : [0,1] — [0, 1] be the standard Cantor function.
Define ¢ : [0, +00) — [0, +00) as follows
p(z) = el0,1],
o) = { .
1 otherwise.

It is not difficult to verify that ¢ € M. By Theorem 1 we obtain ¢¢ € M1
and lim+inf ¢o(x) = 0. It is easy to see that ¢¢ is singular.

Note that if f € M is continuous, fy is almost periodic. In this connec-
tion a question arises of whether every continuous function f € M; with

liminf f(x) = 0 is almost periodic.
r—+00
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In the final part we show that the metric space (R, ey) is not complete
(see also [30]), where f : [0,400) — [0,+00) is definded as follows

ﬂ@:{x, if 2 € [0, 1],

max(2~", |z —m|), ifze[m—1,m+1],

where m = 2"(2k — 1) (for each k,n € N). It is not difficult to verify that
feMyand f(27) =2"".
For each n € N put

10-4" -1
Evidently each u, is an odd natural number. Therefore f(u,) = 1 for

each n € N. Tt is easy to see that the sequence (u,)nen is increasing and
U, 5 4o0.

Now we show that (u,)nen is a Cauchy sequence in the metric space
(R,ef). Suppose k,n € N. Then

10-47tkF -1 10.-47—1 4" 10 4k —1
U — Uy = — =4".10- .
n+k n 3 3 3
4k —
Since is an odd natural number, we obtain
1
f(Juntr —unl) = 9. an’

Now we show that (un)nen is not convergent in the metric space (R, ey).

By contradiction. Suppose that w,, %, u. First we show that u is an odd
integer number. Since

[ (un) = f(lul)l < f(jun —ul),
—_——

=0

we have 1 = f(u,) — f(|u|). Thus |u| is an odd natural number.
Finally, we show that for each n € N, 2" > |3u + 1],

1
|3u+ 1]

flun = ul) =
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Let 7 > 0 and s be integer numbers such that 3u + 1 = 2"(2s — 1). Since
[3u+ 1] =2"-]2s — 1| > 2", we obtain 2™ > 2".

(25 — 1) — 1

Since u = 3 , we have
22ntl-r.5 _ 92541
Uy —u=2"- + , thus
3
odd integer

1
f(up —ul)=2""2> Bug il a contradiction.
u
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