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O ®YHKUUWSX, KOMIIO3ULIUSA C METPUKON
KOTOPBIX ABJIAETCS METPUKOM

SIH BOPCUK—WO3E® j10501l

[Tpu uccienoBaHny CBOACTB JAHHOTO MCTPHUYECKOrO NpOCcTpaHeTBa (M, @) dac-
TO SIBJSCTCS NPUIrOAHBIMU 3AMEHUTH METPUKY © WHOW, SIBASIIOUICHCH C HEHO
PABHOMEDHO, WJIM TOMOJIOTMYCCKH 3KBUBANICHTHON. T1OCKONLKY METpHKA SBASIETCS
(hYHKLMCH, HOBYIO MCTPHKY BO3MOXHO NPHOGPECTH €C KOMNO3MLMENR ¢ KAKOH-TO
dynkument f: R, — Ri. B nurepatype W3BECTHbI HEKOTOPBIE AOCTATOMHbIC YCIIO-
Busi: ccnu (DYHKUMS f [OCTUraeT Hylb B HYJAC M TOJNLKO B HYyJNC, ABJSETCS
HeyObiBalowen ¥ BoruyToit [2, ctp. 70]; ecnu dynkums f npuobperaet iy
B HYJIC M TOILKO B HyJE, SIBJSIETCS HEYOBIBatoLCH U cybanauTuBHoM [3, crp. 178],
[4, cTp. 149]. Inst (pyHKUMIA, COOTBETCTBYIOLUMX ITHM YCJOBHSIM, U3BECTHBI TOXC
HCKOTOPBIC PC3yJIbTAThI O 3KBUBANEHTHOCTH [IAHHBLIX METPHK: eClu (pyHKIMs f
ABISETCS HEMPCPBIBHOH B TOYKC (), TO METPHUKH 0, foQ SIBASIKOTCH PABHOMCPHO
IKBUBANCHTHRIMU [4, cTp. 228], ccin pyHKUMS [ SBISIETCS HEMPEPHIBHOM, 10
METpUKH @, foQ SBNSIIOTCS TOMONOrMYECKH OKBHBAJEHTHbIMM [3, crp. 178].
B niepBoit 4acTi paboThl UCCNENYFOTCS HCKOTOpPhIE JIOCTATOUHbIE yenoBus. Heo6-
XOAMMOC U JJOCTATOYHOE YCJIOBHE HAXOIMTCSl BO BTOPOIt YaCTH, B KO TOPOIl UCCIe-
AYETCA MHOXECTBO { BCeX (PYHKLMIA, KOMIO3HULMS C KAXK/10# MCTPHKOM KOTOPbIX
ABNAETCA METPUKON. TPeThs yacTh paGoThI UCCICAYCT OTHOLUCHHSE MCTPHK 0, foQ
s f et

1. Jocraro4nsie yci1oBus

1.1. Yreepxaenue. [Tycts (M, Q) sABIACTCS METPHYECKHM NPOCTPAHCTBOM
u nyctb Qynkuus f: Ry —RG o6nagaer cnegyioummy cposictBamu (rge R
= {xeR:x=0}):

(1) YaeR5: f(a)=0<a=0,

(2) Va, beRi: f(a+b)=f(a)+f(b),

(3) Va,beR,:a=b = f(a)=f(b).

Torpa @yukums foQ ABASCTCS MCTPHKOH Ha M.

Noxkasarenncrso. (4, crp. 149].

1.2. Yreepxquenne. [Iycr, (M, Q) SBASCTCH MCTPHUYCCKHM npOCTPAHCTBOM
u nycTh ynkumst f: Ri— R, 06nagact ciaepyiommmu CBOSCTBAMM ;
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FUNCTIONS WHOSE COMPOSITION
WITH EVERY METRIC IS A METRIC

JAN BORSIK—JOZEF DOBOS

When examining the properties of a given metric space (M, p), it is often
adequate to exchange the metric g for a different one which is uniformly
or topologically equivalent with it. Because the metric is a function,
new metric can be obtained by its composition with some function
f Ry — R{. In literature, several sufficient conditions are known:
If the function f obtains zero if and only if in zero, it is nondecreasing and
concave [2, p. 70]; If function f obtains zero if and only if in zero, it is
nondecreasing and subadditive [3, p. 178], [4, p. 149]. For functions which
meet these conditions, there are some known results about equivalence of
given metrics: if function f is continuous at point zero, then the metrics
0, [ o o are uniformly equivalent [4, p. 228], if function f is continuous,
then metrics g, f o ¢ are topologically equivalent [3, p. 178]. In the first
section of the work we examine the sufficient conditions. Necessary and
sufficient condition can be found in the second section where the set .#
of all functions of which the composition with every metric is metric is
explored. The third section investigates the connections of metrics o, fop

for f e /.

1. SUFFICIENT CONDITIONS

1.1. Proposition. Let (M,p) be a metric space. Let a function
f:RE — RY have the following properties (where R§ = {z € R : z = 0}):
(1) Ya e R : fla)=0< a=0,
(2) Va,b e Ry : f(a+b) £ fla) + f(b),
(3) Ya,b Ry :a < b= f(a) £ f(b).
Then f o o is a metric on M.

Proof. [4; p. 149].

1.2. Proposition. Let (M,p) be a metric space. Let a function
f:RY = R{ have the following properties:



(1) VaeR: f(a)=0<a=0,

(2) Vp,qeRs, p+q=1Va,beR;: f(pa+qb)Zp -f(a)+q - f(b).
Torpa ¢pyHkuns foQ ABIAETCH MCTPHKOH Ha M.

Dokasarenscrso. Iycrs x, y € Rg, x <y. Iloacrasnss B (2) ¢ =x/y, a=0,
b=y, nony4aem y - f(x) — x - f(y)Z0. [MonoxusB (2) p=x/y,a=x,b=x+ywu
MCTONb3Yysl MpEeAbLIyLee HCPABEHCTBO, nonydaeM f(x+y) = f(x) + f(y)
= (y-fx) = x-fN(y—x) = f(x) + f(y).

TMoncrasnss B (2) p=1/2, a=0, b =2x, nony4aem f(x +x) = f(x) + f(x).
CrnepoBarensho, Vx, ye Ry : f(x+y) = f(x) + f(y). Nycrs Ix, y e RG, x<y:
fx)>f(y). Tonoxum z = (y-f(x) — x-f(y))/(f(x) — f(y))eR" (rne R”
= {xeR:x>0}). Noncrasass B (2) p =f(y)/f(x), a =x, b=z, nony4aem (1
= f(y)/f(x))-f(z) = 0, T.e. f(z)=0, a 3t0 B nporuBopeumu ¢ (1). 3nauur,

Vx,yeR5: xSy = f(x)=f(y).
Cornacho 1.1. fop ABISETCA METPHKOM.

1.3. YrBepxnpenne. ITyctb (M, 0) sABISETCA MCTPHYECKHM INPOCTPAHCTBOM
M nycrs QyHKU#S f: Ro— Ro 0611483€T CEAYFOLIMMH CBOFCTBAMH !

(1 f(0)=o0,
(2) JaeR"VxeR":f(x)e(a,2a).

Torpa ¢yHKUHS foQ ABAAETCS MCTPHKOH.

HoxaszatenbcTBo. OUYeBHAHO, YTO f o0 OGaaRacT 1. u 2. CBOMCTBOM METPHKH.
IMycts x, y, ze M. Ecnm x#y#z#x, 10 (foo)(x,y) = 2a = a + a =
(fo)(y,x) + (fo0)(y,z). B OCTanbHLIX Clyyasix HEPABCHCTBO TPEYrOJbHUKA
OYCBHAHO BbINONHACTCH. ClEeNoBaTeNbHO, foQ SBAACTCS METPHKOM.

2. HeoGxonmMoe U JOCTaTOYHOE YCIOBHE

2.1. O6o3HauMM 3HAKOM A MHOXKeCTBO BCeX (hyHKUMI f: R— R§ obnanaio-
LLMX CNCAYIONIMM CBOACTBOM : [l KAX/IOTO METPUUCCKOrO npocTpanctea (M, o)
(M, fop) TOXe SIBISIETCS METPUUCCKHUM IPOCTPAHCTBOM.

2.2. YrBepkueune. (M, o) ABIAETCA MOHOHAOM.

IlokasatenbctBo. Ilycts f, g e v nycts (M, 0) — MeTpUYeCKOe Mpo-
ctpancTBo. Torma (M, gop) SIRNSIETC METPUYCCKUM NIPOCTpaHCTBOM. Crenosa-
Tenbho, (M, fo(go0)) = (M, (fog)oQ) ABAACTCH METPUUECKMM NIPOCTPAHCTBOM,
a 3TO O3HayaeT, 49To fog € M.

2.3. Jlemma. ITycrs fe M. Torna
VaeRG:f(a)=0<a=0.

Hokasatensbcrso. Myctb M =R, o(x, y) = |x —y| nna Bcex x, y € R. Torna



(1) Ya € R{ : f(a) =0 a=0,

(2) Vp,g e R, p+q=1Va,beRY: f(pa+qb) Zp- fla)+q- f(b).
Then f o o is a metric on M.
Proof. Let z,y € Rf, ¥ < y. By the substitution ¢ = z/y, a = 0,
b =y in (2) we obtain y - f(z) — z - f(y) = 0. By the substitution
p==x/y,a=x,b=x+yin (2) and by the preceding inequality we obtain
flet+y) = f@)+fly) = (- fl@) —z- f(Y)/(y —z) = f(z) + f(y).

By the substitution p = 1/2, a = 0, b = 2z in (2) we obtain
f(z+2) £ f(x) + f(x). Thus Vo,y € Ry : fz+y) £ f(x) + f(y). Now
suppose that there are z,y € R{ such that x < y and f(z) > f(y). Put
z=(y f@)—z-f()/(f(x)— f(y)) € RT (where R* = {z € R:z > 0}).
By the substitution p = f(y)/f(z), a = x, b = 2z in (2) we obtain
(I—f(y)/f(x)) - f(z) £ 0, ie. f(z) <0, which contradicts (1). This
yields

Vr,y €RY 1w Sy = f(x) S f(y)

By 1.1 f o o is a metric.

1.3. Proposition. Let (M,p) be a metric space. Let a function
I R(‘; — Rar have the following properties:

(1) f(0)=0,

(2) Ja € RT Vx € RT : f(z) € {(a,2a).
Then f o p is a metric.
Proof. Tt is clear that f o p has 1. and 2. property of metric. Let
x,y,2 € M. fx #y # 2 # z, then (fo)(z,y) £ 2a = a+a <
(foo)(y,z) + (f o 0)(y,2). In the other cases the triangle inequality is
evident. Thus f o g is a metric.

2. NECESSARY AND SUFFICIENT CONDITION

2.1. Denote by .# the set of all functions f : Ry — R with the
following property: for each metric space (M, ) (M, f o p) is a metric
space.

2.2. Proposition. (.#,0) is a monoid.

Proof. Let f,g € #. Let (M,p) be an arbitrary metric space. Then
(M, g o p) is a metric space. Thus (M, fo(goo)) = (M,(fog)oop)isa
metric space, which yields fog € ..

2.3. Lemma. Let f € .#. Then

VaeRY : f(a) =0 a=0.

Proof. Put M =R, o(z,y) = |z — y| for each z,y € R. Then (M, f o o)



(M, foQ) ABISETCA METPUYECKMM NMPOCTPAHCTBOM M Va € Ry : g(a, 0)=a. [ycs
aeR,. Torna O0=f(a) = (foo)(a,0) < a=0.

2.4. lemma. Ilycrs fe M. Torpa
Va,b,ceRi:|la—b|=c=a+b > f(a)=f(b)+f(c).

Hokasatenbctpo. Ilycte M=R XR, o((x1, y1), (x2,y2)) = V((x,—x.)
+ (y1—y2)?) nnsi BCex xy, Xz, Y1, y2€ R. Iyctba, b,ceR;, la—b| = c S a+b,
Tormaa +b+c=Z20,a-b+c=Z0a+b-c=0,—a+b+c=0.
Nonoxum u = (a/2,0),v = (—a/2,0),w = ((c*—b?)/(2a), V((@a + b + ¢) -
(a+b—-c)-(a—b+c) (—a+b+c)))(a)),eccnna+0uw=(b,0),ecnu
a=0. VI3 toro, yro (M, foQ) ABNSETCH METPUUCCKUM MPOCTPAHCTBOM, CIIEAYCT
(foo)(u,v) = (feo)(u, w) + (foo)(v, w). Buauur, f(a) = f(b) + f(c).

2.5. Jlemma. ITycts feM. Torna

(1) Va,beRy:f(a+b)=f(a)+f(b),
(2) Va,beRi:a=2b > f(a)=2 f(b).

Ioxaszarennctpo. Ilycts a,beR;. Tlockonsky [(@+b)—al = b =
(a+b)+a, To fla+b) = f(a)+f(b). Mycts a, beR;, a=2bh. [MockONbLKY
la—b] = b = a+b, 10 f(a) = f(b) + f(b) = 2-f(b).

2.6. Cnepcteune. ITycts feMunyctba € Ry. TornaVne N:f(a)/2" = f(a/2™).
JoxkaszarenwcTBo. Tak kKak a =2 - (a/2), 10 f(a) = 2-f(a/2),T.e. f(a)/2 =
f(a/2). Myctb k € N unyers f(a)/2* = (a/2"). Hockonsky a/2* = 2 - (a/2**"), To
f(ar2*) = 2-f(a/2""). Orcrona cnenyer, wro f(a)/2**' = f(a/2")/2 = f(a/2“™).

2.7. Teopema. ITycts f: Ro— R,. Toraa ansa toro, 4106b1 f € M, HEOOXOTHMO
H AOCTaTOYHO, YTOObI

(1) VaeR,:f(a)=0<a=0,
(2) Va,b,ceRs:la—b|l =c = a+b > f(a) = f(b)+f(c).

NoxkazaTtenncTBO. HeobxoguMocTs BbrtekaeT u3 2.3. u 2.4., OKaXeM JI0CTa-
ToyHocTh. [lycts (M, @) fBNSETCS MCTPUYECKUM NPOCTPAHCTBOM M MyCTh X, Y,
zeM. Torna (foe)(x,y) = 0 < o(x,y) = 0 < x=y. [Tonoxwus o(x, z)=a,
oy, y)=b, o(y,z)=c, nonyimm |a—b| = ¢ = a+b, n cornacno (2) Gyaem
wveth f(a) = f(b) + f(c), T.e. (fo0)(x,2) = (foo)(y,x) + (fo0)(y,2)

Ortcropa cnenyert, 4to fe€ M.

2.8. Cnepcrsue. ITycts f: Ry— R . Torna juis Toro, 4To6nl f € M, HeOOXORHMO
H JJOCTATOYHO, 4TOOBI:

(i) f(0)=0& FaeR":f(a)>0,

(if) Va,b,ceRy:la—b|=c=a+b > f(a)Sf(b)+f(c).



is a metric space and Va € Ry : o(a,0) = a. Let a € RJ. Then
0= f(a) =(f°0)(a,0) & a=0.
2.4. Lemma. Let f € #. Then

Va,b,c€ Ry :Jla—bScLa+b= fla) L f(b)+ f(c).

Proof. Put M = RxR, o((z1,41), (¥2,92)) = /((z1—32)%+ (y1 —y2)?) for
each z1,y1, 72,92 € R. Let a,b,c € RT, [a—b| £ ¢ £ a+b. Then a+b+c =
0,a—b+c =2 0,a+b—c =0, —a+b+c 2 0. Put u = (a/2,0),v = (—a/2,0),
w = (= 12)/(20), (y/((a+b+0)- (a+b—)- (a=b-+0)-(—a+b-+0))/(20))
in the case a # 0, and w = (b,0) in the case a = 0. Since (M, f o) is a
metric space, we have (f o 0)(u,v) = (f o 0)(u,w) + (f © 0)(v,w). Thus
fla) = f(0) + £ (o).
2.5. Lemma. Let f € .#. Then

(1) Va,b € By : fla+) < fla) + S0),

(2) Va,be Ry :a £ 2b= fla) £2- f(b).
Proof. Let a,b € Ry. Since |(a +b) —a| £ b < (a+ b) + a, we have
fla+b) < fla) + f(b). Let a,b € RY, a < 2b. Since |a —b] Sb<a+b,
we have f(a) = f(b) + f(b) =2 f(b).
2.6. Corollary. Let f € .#. Let a € Rf. ThenVn € N: f(a)/2" <
fla/2m).
Proof. Since a < 2-(a/2), we have f(a) < 2-f (a/2),i.e. f(a)/2 £ f(a/2).
Let k € N be such that f(a)/2" < f(a/2*). Since a/2% < 2. (a/2FH1),
we obtain f (a/2%) £ 2- f (a/2¥*1). Hence f(a)/2"T' < f(a/2F)/2 <
f (a/28+1).

2.7. Theorem. Let f : Ra’ — Ry. Then f € 4 iff
(1) Ya e R{ : fla) =0 a=0,
(2) Va,b,c e R :la—b| ScZa+b= fla) < f(b) + flo).

Proof. Necessity follows from 2.3 and 2.4. We show sufficiency. Let
(M, 0) be a metric space. Let z,y,z € M. Then (f o o)(z,y) = 0 &
o(z,y) = 0 & x = y. Put o(x,2) = a, o(y,z) = b and o(y,z) = c.
Then |a — b £ ¢ £ a+b. By (2) we have f(a) £ f(b) + f(¢), i.e
(feo)w,2) = (foo)y,x)+ (foo)(y,2). Thus f €. 4.

2.8. Corollary. Let f: RS — Ry. Then f € A iff

(i) £(0)=0& Ja e R : f(a) >0,
(ii) Ya,b,c€Rf :jla—b| L cZa+b= fla) < f(b)+ f(c).



HokasarennbcTBo. HeobXonMMOCTL BbhITCKAET U3 2.7, MOKAXeEM AOCTATOY-
nocts. Tyers x € R ™. Cornacho csoiicrsy Apxumeaa 3n e N:a/2" = 2x, u3 ucro
cnepyet cornacHo 2.6, 2.5 (2), uro 0 < f(a)/2" = f(a/2") = 2 f(x). Torna
VxeR§:f(x) = O«x=0uscuny 2.7 fe .

2.9. Teopema. ITycts f e M. Crepyrowine yTBEPXKACHNUS IKBHBAJICHTHBI

(1) f saBasercs HeNpepbIBHOH,
(2) f asnserca HenpepbiBHOFH B Touke ().
(3) Ve>03xeR":f(x)<e.

HDoxkazatcnberso. (2) = (1). Mycts aeR™ u nycers £ >0. Torpa 3y >0
VxeRy, x<y: f(x)<e. Monoxum & = min {y/2, a/2}. Tlockoneky 6 <y, TO
f(d)<e.Mycrb x € Ry, |x —a]<8. Tak kak [x —a| = & = x +a, To cornacuo 2.4
cnpasemiuso f(x) = f(a) + f(8), f(a) = f(x) + f(8). Buauwr, |f(x) — f(a)| =
f(8) < e. TornaVaeR* Ve>036>0VxeRy, |x—a| < &:|f(x) — f(a)l<e,
T. €. f ABJSETCS HENPEPLIBHOM HA R ™ 1 COTacHO NPEANONOXEHHIO CIEAYeT, YTO f
SUBJICTCS. HENIPEPBIBHOM.

(3) > (2). Myctb e>0. Torna Jae R™: f(a)<&/2. B cuny 2.5 umeeM Vx € R,
x=2a:f(x) = 2 f(a)<e. Monoxwus § =2a, nonyanm Ve > 036 > 0 Vx eRy,
x < 8:f(x) < e. Takum o6pa3om, f sensctcst HenpepbiBHOH B Touke 0. To, yro
(1) = (3), oueBuuHO.

2.10. Caencreue. Ilycrs fedl. ITycrs f sBnsercs pa3pwiBHO#H. Torga 3e>0
VxeR":f(x)Ze.

2.11. YrBepxpuenue. ITycts f, ge M. Torna f+g, max (f, g) e M.

HDokaszarenscto. llycth a € R;. Torma (f+g)a) = 0 < f(a) + g(a)
=0 < f(a) = 0&g(a) = 0« a = 0;(max (f, g)) (a) = 0 < max (f(a), g(a))
=0« f(a) = 0&g(a) = 0= a=0.

Mycrba, b, ceRg, la—b| = ¢ = a+b. Torna cornacno 2.7 (f + g )(a) = f(a)
+ g(a) = f(b) + f(c) + g(b) + g(c) = (f+g)(b) + (f+g)c); f(a) = f(b)
+ f(c) = max (f(b), g(b)) + max(f(c), g(c)), gla) = ¢g(b) + g(c) =
max (f(b), g(b)) + max (f(c), g(c)), 1. e. (max (f, g))(a) = max (f(a), g(a)) =
max (f(b), (b)) + max(f(c), g(c)) = (max(f,g))(b) + (max(f,g))(c)

OTciona B cuny 2.7 cnepyet, yro f+¢g, max (f, g)e M.

2.12. Mpumep. Tyets f: Re— R, f(x) = 3x — 2+ [x — 1| + |x — 2| nost Beex
x € R§. HerpynHo 1poBepuTs, 4To f € M, ynosaeTsopsacT yciosusm 1.1, aensietcst
HENPEPLIBHOM U HE SIBNSCTCS BOTHYTOM.

2.13. Opumep. Iycrs f: R3—> RS, f(0)=0, f(x) = [x]+2 nns Beex x >0.
Torpa fe A, yiosacrpopsieT ycnoBusiM 1.1, SBRsiCTCs paspbiBHOR U HE SIBASETCS
BOIHYTOW.
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Proof. Necessity follows from 2.7. We show sufficiency. Let z € RT. By
the Archimedean property In € N : a/2™ < 2z. By 2.6 and 2.5 (2) we
obtain 0 < f(a)/2" £ f(a/2") £ 2 f(z). Thus Vx € RJ : f(z) =0 &
x =0, and by 2.7 we have f € .#.

2.9. Theorem. Let f € #. The following assertions are equivalent:
(1) f is continuous,
(2) f is continuous at the point 0,
(3) Ve>03z e R : f(z) <e.

Proof. (2) = (1). Let @ € R* and let ¢ > 0. Then 3y > 0 Vz € R,
z <7:f(z) <e Putd=min{y/2,a/2}. Since 6 <y, we have f(J) < e.
Let z € R, |z —a|] < §. Since |t —a| £ 6 < o+ a by 2.4 we have
f(@) = fla) + £(5), f(a) = f(z) + f(6). Thus |f(z) — f(a)| = f(0) <e
This yields Va € R* Ve > 036 > 0Vz € R{, |[z—a| < §: |f(z)— f(a)| < &,
i.e. f is continuous on R* and by the assumption f is continuous.

(3) = (2). Let ¢ > 0. Then Ja € RT : f(a) < £/2. By 2.5 we obtain
Ve e Rf,x <2a: f(x) £2- f(a) <e. Put § = 2a. Then Ve > 035 >0
Vo € Ry, 2 <6 : f(z) < e. Hence f is continuous at the point 0.

(1) = (8) is evident.

2.10. Corollary. Let f € #. Let f be discontinuous. Then Jc > 0
Vz eRY: f(z) 2 e.

2.11. Proposition. Let f,g € .#. Then f + g, max(f,g) € 4 .

Proof. Let a € R{. Then (f + g)(a) = 0 & f(a) +g(a) =0 & f(a) =
0 & g(a) =0 < a = 0; (max(f,9))(a) = 0 < max(f(a),g(a)) =0 <
fla)=0& g(a) =0 a=0.

Let a,b,c € Ry : |a—b £ ¢ < a+b. By 2.7 we have (f + g)
fla) +g(a) = f(0) + f(c) + 9(0) + g(c) = (f +9)0) + (f +
fla) = f(b)+f(c) = max(f(b), g(b))+max(f(c), g(c)), g(a) = g(b)+g
max(f(b), (b)) +max(f(c), g(c)), L.e. (max(f,g))(a) =max(f(a),g
max(f(b), g(b)) + max(f(c), g(c)) = (max(f,g))(b) + (max(f,g) ( ). By
2.7 we obtain f + g, max(f,g) € 4.

2.12. Example. Let f : Rf — R, f(#) =3x -2 |z — 1| + |z — 2|
for each x € RY. Tt is not difficult to verify that f € .#, f satisfies the
conditions of 1.1, f is continuous and f is not concave.

2.13. Example. Let f : Rf — Ry, f(0) = 0, f(x) = [2] + 2 for each
x> 0. Then f € #, f satisfies the conditions of 1.1, f is discontinuous
and f is not concave.
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2.14. Jlemma. [Tycts fe C({a,b)), rne a,beR, a<b. Iycrs f(a)=f(b).
rorga Ye>03u, vela,b): 0 < lu—v| <e & f(u) = f(v).

2.15. Yeepxaenue. I1ycts fe C({a, b)), rue a,beR, a<b. Torna Ye>
03x,ye(a, b): 0<[x—y[ < e & (f(x) — f() (x—y) = (f(a) - f(b))'(a—b).

Jokasarenscrso. Oupenenum ¢g: R— R cnenyowum obpasom g(x) = f(x)
+ (f(a)—f(b))-(a—x)/(a—b) nnascex xeR. Torna ge C({a, b)), gla)=g(b) u
B cuny 2.14 umeem Ve >0 3x, ye (a, b) :0<|x—y|<e & g(x)=g(y). Takum
obpasom, (f(x)—f(y))/(x —y)=(f(a)—f(b))Aa—-Db).

2.16. Yteepxuenne. [Tycts fe. U u nycts d, k € R*. Onpenennm g: R3— Ry,
g(x) = kx nns x €(0.d), g(x) = f(x) ansg x € (d, ). Toraa a1 TOro, 4TO6HI
g €., HeobXommo H AocTato4no, 4Tobbl f(d) = kd & Yx,ye(d. ®): |f(x)
- f = k-lx—yl.

INokazarensctBo. 1. [lycrb g eff. Tak Kak ¢ aBASETCS HENPCPLIBHOM
B Touke 0, TO cornacho 2.9 f spiseTcs HenpepbIBHOM Ha (d, ©). Torna f(d) =kd.
[Mpcunonoxum, uto Ax, y € (d, ®): |f(x) - f(y)| > k - |x — y|. Panu onpeneneH-
HOCTH Hpeanonoxum x <y. Torna B cuny 2.15 u, ve(x,y): 0 < Ju—-v| <
d& (fw) — f)(u-v) = (F(x) — f(»)/(x—y), orxyna nonyuum |f(u)
= f) = lu—v| - |f(x) = f)x =yl >lu-v| - k - [x=yl/|x—y| =k -
|t —v]. Monoxum a=u, b=v, c=|u—v|, Torna la—b| = ¢ = a+b. |f(a)
— f(b)| > k-c,7r.e.|g(a) — g(b)| > g(c).a 370 B NPOTHBOPCHHH C TEM. YTO
g €.U. Takum obpasom, Vx, ye(d, ®): |[f(x) = fy)| = k- |x—y|.

2. Tlyets f(d) = kd & Yx, ye(d, ©): |f(x) = f(y)| = k- |x —y|. OucBumno,
uto YVaeR3:g(a) = 0 < a= 0.Iycth a, b, ceRy, la—b| = ¢ = a+b.

a. Ecaua, be(0,d), 10 c €(0, 2d). lycrs ¢ € (0, d), Torna g(a) = ka = kb
+ k¢ = g(b) + y(c). Ecnu ce(d, 2d), o kd — f(c) = f(d) — f(c) = |f(c)
- f(d)| = k-|c—d| = k- (c—d), otkyna cnenyer ~f(c) = k - (c —2d). Torna
ka — f(c) = k-(a + ¢ — 2d), w3 yero cnepyet, yro g(a) = ka = f(c) + k- (a
+c-2d)=k-(a+ (a+b) —2d) + f(c) = k-(d + (d+b) — 2d) + f(c)
= g(b) + g(c).

6. Ecnu a €(0,d), be(d, »), To ce (0, ®). Ecnu ce (0, d), T0 kd — f(b)
= f(d) — f(b) = |f(b) — f(d)| = k- |b—d| = k- (b—d), oTkyna cnenyer, 4To
—f(b) = k=(b—2d). Torna ka — f(b) = k - (a+ b —2d), u3 uero cnenyer g(a)
= ka =/if(b) + k-(a + b — 2d) = f(b) + k-(a + (a+c) — 2d) = f(b)
+ k-(d + (d+c) — 2d) = f(b) + kc = g(b) + ¢(c). ycrn c €(d, «).
Cornacto 2.5Vx e Ry d = 2x 2 f(d) = 2 f(x),3Hauut,VxeRy:x 2 d2 >
f(x) Z f(d)/2 = kd'2. Torna g(a) = ka < kd = kd/2 + kd2 = f(b) + f(c)
= ¢g(b) + g(c).

3. Fonu ae(d, ©), be(0,d) to ce(0, ®). Ecnu c €(0, d), 10 f(a) — kd
- fla) — f(d) = |f(a) = f(d)] = k-|la—d| = ka — kd, orkyna cnenyet, 41O
fla)Ska. Tornag(a) = f(a) = ka = kb + ke = g(b) + g(c). Ecnuc € (d, »),
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2.14. Lemma. Let f € C((a,b)), wherea,b € R, a < b. Let f(a) = f(b).
Then Ve > 0 Ju,v € (a,b) : 0 < |[u—v| <e & f(u) = f(v).

2.15. Proposition. Let f € C({a,b)), where a,b € R, a < b. Then
Ve >0 3r,y € (a,b) : 0 < v —y| <e& (f() - f)/(x —y) =
(f(a) = f(b))/(a—=b).

Proof. Define g : R — R as follows g(z) = f(z) + ((f(a) — f(b)) - (a —
z)/(a —b) for each € R. Then g € C({a,b)), g(a) = g(b), thus by 2.14
we have Ve > 0 Jz,y € (a,b) : 0 < |z —y| < € & g(x) = g(y). Hence
(f(@) = f(W)/(x —y) = (f(a) = £(b))/(a = D).

2.16. Proposition. Let f € .#. Let d,k € RT. Define g : R — R
as g(x) = ka for z € (0,d), g(x) = f(z) for x € (d,00). Then g € A iff
f(d) = kd & Va,y € (d,00) : [f(x) = f(Y)| = k- |z —yl.

Proof. 1. Let g € . Since g is continuous at 0, by 2.9 we obtain that f
is continuous on (d, c0). Thus f(d) = kd. Suppose that Jz,y € (d, o0) :
[f(z) — f(y)| > k- |z —y|- Let < y. (The opposite case is similar.)
Then by 2.15 Ju,v € (z,y) : 0 < |[u—v| < d & (f(u) — f(v))/(u —v) =
(f(@) - F(9))/ (—). Honce |£(w) — F(0)| = [u—v]-|f(z) = F)l/lz—y] >
|lu—v|-k-lx—y|/|z—y| = k-|[u—v|. Put a = u, b = v, and ¢ = |[u—v|. Then
la—b|] < ¢ £ a+b, and |f(a)— f(b)| > k-c. Thus |g(a)—g(b)| > ¢(c), which
contradicts g € .#. Therefore Vz,y € (d,00) : |f(z) — f(y)| S k- |z —y|.

2. Let f(d) = k-d&Vz,y € (d,0) : |f(x)—f(y)| £ k-|xr—y|. Evidently
VaeRy :g(a)=0<a=0. Let a,b,c e R} :la—b| <c<a+b.

a. Suppose that a,b € (0,d). Then ¢ € (0,2d). If ¢ € (0,d),
then g(a) = ka < kb+ ke = g(b) + g(e). If ¢ € (d,2d), then
kd— f(&) = £(d) = Je) < If(0) — f@] = k-lc—d = k- (c— d),
which yields —f(c) £ k- (c — 2d). Then ka — f(c) £ k- (a + ¢ — 2d).
Hence g(a) =ka £ f(¢)+k-(a+c—2d) Sk-(a+(a+b)—2d)+ f(c) £
k-(d+ (d+0b)—2d)+ f(c) = g(b) + g(c).

b. Suppose that a € (0,d), b € (d,00). Then ¢ € (0,00). If ¢ € (0,d),
then kd — f(b) = f(d) = f(b) = |f(b) = f(d)| = k-[b—d| =k (b—d),
which yields —f(b) < k- (b — 2d). Then ka — f(b) £ k- (a + b — 2d).
Thus g(a) =ka < f(b) +k-(a+b—2d) £ f(b)+k-(a+ (a+c)—2d) £
fO)+k-(d+ (d+c)—2d) = f(b) + ke = g(b) + g(c). If ¢ € (d,0),
by 2.5 we obtain V2 € R : d £ 2v = f(d) £ 2- f(v). Hence
Ve € R : 2 = d/2 = f(x) 2 f(d)/2 = kd/2. Then g(a) = ka <
kd = kd/2+ kd/2 = f(b) + f(c) = g(b) + g(c).

c. Suppose that a € (d,0), b € (0,d). Then ¢ € (0,00). If ¢ € (0,d),
then f(a) —kd = f(a) — f(d) = |f(a) — f(d)| £ k-|a—d| = ka — kd, which
yields f(a) < ka. Then g(a) = f(a) < ka < kb+ ke = g(b) + g(c).



10 f(a) = f(c) = |f(a) = f(c)| = k- |a—c| = kb. Cnepoatensho, g(a) = f(a)
= kb + f(c) = g(b) + g(c).

r. Ecnu a, b e (d, «), 10 c € (0, ©). Ecu c €0, d), To f(a) — f(b) = |f(a)
- f(b)] = k-la—b| = ke, otkyna cnenyer, yto g(a) = f(a) = f(b) + ke
= g(b) + g(c). Nycrs ce(d, ), rorna g(a) = f(a) = f(b) + f(c) = g(b)
+ ¢g(c). 3nauut, Va, b, ceRi, la—bl| =c=a + b > ga) = gb) + glc)u
cornacho 2.7 g e M.

2.17. Cnencreue. [Tycts fe M. ITycte k e R*. ITycts g: Ro—> R, g(x) = kx
ans Beex x € R [Monoxum-a = inf {xeR": f(x) = kx},uff=a,ectmnaeR”,
B=0, ectm aeR*. ITycrp

(1) Vxe(0,8): ke =f(x),
(2) VYx,ye(B,®): |f(x)-fO)N=k-|x—yl|

Torga min (f, g)e M.

HoxkazatenbcTBo. a. [lyets @€ R*. Chavyana nokaxem, uyto f(a)=ka.
ITyctb £ >0. M3 onpepenennst @ nonyynm, yto Iy eR*:f(y) = ky & u =y < a
+ €/(2k). Torpa |f(y) — f(a)| = k- |y —al; cncnosarensho, 0=f(a) — f(y)
+ k-ly—al = 2k-ly-al < e 1.e. 0= fla) — ka<e. Tem caMbiM Mbl
nokasanu, 4To ans Kkaxgoro £ >0 umeer mecto [f(a) — kal<e, T.e. f(a)=ka.
Mycts x € (a, ®). Torpa f(x) = fla) + |f(x) - fla)|] = f(a) + k-|x-qa|
= k-x = g(x). 3naumr, Vxe (a, ©): f(x) = g(x). DTO NOKA3bIBAET, YTO
(yHkupst min (f, g) ynoBiaeTBOPSIET yCIOBUSM YTBCPXKAeHHa 2.16, B Uty KOTOPO-
ro min (f, g)e M.

6. Mycrb a é R™. Torpa anst kaxporo x € R™ cnpaseanupo f(x) = |f(x) — £(0)]
= k-|x—-0| = kx = g(x); snaunt min (f, g) = fe M.

2.18. MMpumep. Tlyets f: RE—> R, f(x) = 2x pasx € (0. 1), f(x) = 1+ 1/x
misa x € (1, ®). Torga f e M, ABAACTCH HENPEPBIBHOM 1 He YAOBJIETBOPSIET YCil0-
Busim 1.1. 1.3.

2.19. Mpumep. Ilyers f: Ro—RG, f(0)=0, f(x) = |x—1]+1 gnsa x>0,
Torna fe M, spnsicTcst pa3pbIBHOH M He yoBAcTBOpsieT ycnosuamu 1.1, 1.3.

2.20. TIpumep. Iyctb f: Ro—R5, g(x) = x mns xe€(0,2), g(x)=1 nas
x €(2, ). Torga g yRoBIETBOPSET YCAOBHSIM 2.5. 1 g € M.

2.21. Ytsepxaenne. Ilycry {f,}7 ., — mocneposarensHocTs yHKumii n3 M,
KoTopas cxopures. Ilycts

VeR": (li@ f)la)=0. Torna limf,e.d.



If ¢ € (d,00), then f(a) — f(c) = |f(a) — f(¢)| £ k-|a—¢| £ kb. Thus
g(a) = f(a) £ kb+ f(c) = g(b) + g(c).

d. Suppose that a,b € (d,00). Then ¢ € (0,00). If ¢ € (0,d), then
£@) = F(B) < |(@) — FO)] < k- |a— b < ke, which yields g(a) = £(a) <
F(8) + ke = g(b) + g(0). I ¢ € (d,00), then gla) = f(a) = F(b) + £(c) =
g(b) + g(c). Thus Va,b,c €Rf : la—b| ScLa+b= g(a) < g(b) +g(c).
By 2.7 we obtain g € 4.

2.17. Corollary. Let f € #. Letk € R*. Let g : R — R{, g(z) = kx
for each x € Rf. Put a = inf{z € R* : f(2) = kz}, B = a, if a € RT,
B=0,if a ¢ R*. Suppose that

(1) Vo € (0.8) -k < f(),

(2) Vo,y € (B,00) : |[f(z) = f(Y)| = k- |z -yl
Then min(f,g) € A .

Proof. a. Suppose that o € RT. First we show that f(«) = ka. Let ¢ > 0.
By definition of « we obtain 3y € RT : f(y) = ky & a <y < a +¢/(2k).
Thus [f(y) — f(a)l = k- |y — al. Hence 0 = fa) = f(y) + k- |y — ol =
2k - ly —a] < e, ie. 0L f(a) — ka < e. This shows that for each
e > 0 we have |f(«) — ka| < ¢, i.e. f(a) = ka. Let z € (a,00). Then
f(x) = fla) +|f(z) = f(a)] = fle) + k- |z —af = k- = g(z). Hence
Vo € (a,00) : f(z) £ g(x). Since min(f,g) satisfies the assumptions of
2.16, we have min(f, g) € .#.

b. Suppose that o ¢ RT. Then for each z € RT we have f(z) =
|f(z) = f(0)| £ k- |z — 0| = kxz = g(z), which yields min(f,g) = f € A4
2.18. Example. Let f : Ry — RJ, f(z) = 2=, if z € (0,1),
fl@) =141/, if ¢ € (1,00). Then f € #, f is continuous, but f
does not satisfy the assumptions of 1.1, 1.3.

2.19. Example. Let f : RT — Ry, f(0) =0, f(2) = [z — 1| + 1 for

each x > 0. Then f € ., f is discontinuous, but f does not satisfy the

assumptions of 1.1, 1.3.

2.20. Example. Let f: R — RY, f(2) = =, if z € (0,2), f(z) = 1, if
€ (2,00). Then f satisfies the conditions of 2.5, but f ¢ ..

2.21. Proposition. Let {f;}2, be a convergent sequence of functions
fi € M. Suppose that

Va € R : (lim f;)(a) #0. Then lim f; € /4.
1—>00 1— 00



Jlokaszarenvcrro. llycts a, b, ceRy. la—b| = ¢ = a+b. IMockonbky

VieN: fie.f,ToVieN: f(a) = f(b) + f(c), n 3naumr

(tim £)(@) =lim (@)= lim ((6) +£(c)) =
= (lim £)(b) +(lim £)(c).

cornacuo 2.7. lim fe M.
i

2.22. Cnencreue. IlycTs

paa yukumit u3z M, cxousiupwictss K ¢pyrkumn f. Torpa f e M.
NoxasarenbcTBo. [Tycth {s,}, « — NOCNCAOBATCABHOCTL YACTHUHBIX CYMM
psna

fi

Cornacio 2.11. VieN:s e dl. Ilyct a € R*, Torma YieN: fi(a)>0, otkyna
CJIEAYCT, UYTO

VneN: s,,(a)=2f.(a)§f|(ﬂ).

fla)=lim (s.(a))Zfi(a)>0.

Cnenosatenbto, cornacio 2.21. fe. .

2.23. Yeepwaenne. [Iycth LM, F=0. Iycrs YxeR™ mHoxccrso %,
= {f(x): fe )} apngerca orpanmucHubiv. Onpencinv pynxigto sup £ Ro->
R7Y, (sup L)(x) = sup &,. Torna sup £e M.

Hoxasarenscrpo. Iockonbky VxeR': ¥, <R*, 710 sup % >0, T.e.
VxeR": (sup $)(x)=0. Orciona cnepyer, uto YaeR: (sup F)a) = 0 <=
a =0.Tlycrba,b,ceRi la—b| S cS a+b,tornaVfe £:f(a) = f(b) + f(c)
= (sup &)(b) + (sup L)(c), T.c. (supB)(a) = (sup.L)b) + (sup F)(c).
CornacHo 2.7 sup £ e .

3. Ornowenne MeTpuk 0. foQ

3.1. Oupeneaenne. [lycrs (P, ), (O, 0) ABASIOTCH MCTPHUCCKHMH IPOCTPAH -
cramu. I[Tycrs a € P.



Proof. Let a,b,c € R :ja—b| Sc<a+b. SinceVi € N: fi € M, we
have Vi € N : f;(a) £ fi(b) + fi(c), which yields
(lim £)(a) = lim (fi(a)) £ lim () + fi(c)
= (lim f;)(b) + (lim fi)(c).

By 2.7 we have lim f; € 4.
11— 00

2.22. Corollary. Let

be a series of functions f; € .M which converges to a function f. Then

fed.

Proof. Let {s,}52; be a sequence of partial sums of the series

S
i=1

By 2.11 we have Vi e N: s; € #. Let a € RT. Then Vi € N : f;(a) > 0,
which yields

Vn € N: s,(a) = Zfi(a) 2 fi(a),

fa) = lim (sn(a)) Z fi(a) > 0.
n—o00
Therefore by 2.21 we have f € /.

2.23 Proposition. Let ¥ C M, & # 0. Let Vx € RY the set
L ={f(z): f €L} be bounded. Define the function sup £ : R — RY
as (sup L) (z) =sup.%,. Thensup.¥ € M.

Proof. Since Vx € RT : %, C R*, we have sup.%, > 0, i.e. Va €
Rt : (supZ)(x) # 0. Thus Va € R : (supL)(a) = 0 & a = 0. Let
a,byc €RE 1 ja—bl S cSa+b ThenVf € .2 : fla) £ f(b)+ f(c) S
(sup.2)(b) + (sup.Z)(c). Thus (sup.Z)(a) £ (sup.Z)(b) + (sup.2)(c).
By 2.7 we obtain sup £ € .

3. INTERRELATIONS BETWEEN ¢ AND f oo

3.1 Definition. Let (P, p), (Q,0) be metric spaces. Let a € P.



Orobpaxenne f:P—Q na3bBactcs Q — O-HCNPEPLIBHLIM B TOYKC @ TOrfa
H TOJLKO TOINA, KOINA

Ve>038>0VxeP,o(x,a)<d:0(f(x), f(a))<e.

Oro6bpaxenne f: P—Q HasbIBaeTcs Q — O-HENPEPbIBHLIM TOINIA H TOJBKO
TOrfd, KOrja Q — O-HCMPEPbIBHO B KAXOH TOYKE.

Oro6paxenuc f: P— Q Ha3bIBACTCS PABHOMCPHO Q — O-HENPEPbLIBHLIM TOTA
M TOJIKO TOrna, Korga

Ve>038>0Vx.yeP, o(x, y)<d:0(f(x). f(y))<e.

ITycts Q. 0 — METPHKH Ha MHOXeCTBE M. MEeTpHKH Q, 0 Ha3bIBAIOTCSA TOMOJIONH -
4CCKH 3KBHBAJICHTHbIMH (PABHOMEPHO 3KBUBAJICHTHBIMH) TOTa M TOJILKO TOIZa,
KOrpa TOXACCTBEHHOe oToOpaxenuc id(M): M — M sBnsieTcs Q—0-HenpephiB-
HbIM H O — Q-HCIPEPHIBHBIM (PABHOMCPHO Q — O-HENpPCPhIBHBIM Y PABHOMEPHO
¢ — p-HenpepbiBHbIM). ([1], cTp. 232).

3.2. lemma. [Tycte (M, @) sBaseTcsi MeTpuyeckuM npoctpaHcTsoM. Ilycts
f el snserca HenpepbiBHOH pyHKUHeH. Torna MeTpuku @, foQ paBHOMEPHO
9KBUBAJICHTHBI.

Mokasatenpcrso. [Tyctb €>0. W3 Toro, yro ¢yhkimst f HenpcpbIBHA
B Touke 0, cnegyet 36>0Vx € (0,8):f(x)<e. IMycts x, ye M, o(x, y)<é.
Torpa f(o(x, y))<e.3nauut, Ve >0 35 >0 Vx,ye M, o(x, y)<8: (foo)(x, y)<
g, T. e. oTo6paxenue id (M): M — M sBIseTcs paBHOMEPHO @ — fo 0-Henpepbl-
BHbIM. [lycts £>0. Cornacho 2.5 VxeR5:2e = 2x > f(2e) = 2-f(x).
[Monoxum & =f(2€)/2>0, torna VxeRy: f(x) < & > x < e. Ilycrbx, yeM,
(fo0)(x, y)<6,Torna o(x, y)<e.3Hauut,Ve >035 > 0Vx,yeM, (fop)(x. y)
< 0:p0(x,y)<e, T.e. orobpakenue id (M): M—M sapnscrcss paBHOMEPHO
fe0 — 0-HenupepbiBHLIM. [103TOMY METPUKH O, fo0 PABHOMCPHO 3KBMBANEHTHBI.

3.3. Teopema. Ilycty (M, o) — meTpuyeckoe npoctpaHcTBo. [lycts cyllec-
TBYeT npencbHasi TOYKa a MHOXecTBa M oTHOocHTeNnbHO meTpuku . ITycth f e M.
Torna MeTpukh ©Q, foQ TOMOJIOrHYE€CKH 3KBHBAJICHTHbI TOrpa H TOJILKO TOrAa,
Korga f HellpepbIBHa.

ITokasarenbcTBo. Ilycrh MCTPUKU Q, foQ TOMOJNOTHUECKHU IKBUBAJIEHTHBI.
Mycts € >0. Oto6paxkennue id (M): M —M o — foo-HelpepbiBHO, noatomy 38 >
OVxeM, o(x,a)<db: (fop) (x,a)<e.Tak kak Ve'>03IxeM, x#a: o(x,a)<
€', To noNoXMB ¢’ =0, nonyuum Ix e M, x # a: o(x, a) <. OTciona cincayer, 4To
Ve>03yeR": f(y)<e, To-ecth cormaco 2.9. (pyukums f nenpepnisha. Ecan f
HCNPCPLIBHA, TO B CUiLY 3.2 MCTPUKH @, foQ TONOJNOI MICCKH IKBUBATICHTHBI.

3.4. Teopema. [lycts (M, 0) — MeTpuicckoe npoctpatcTso. ITycTb He cyuiec-
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We say that a function f: P — @ is p-o-continuous at the point a iff
Ve>038>0Vz € P, o(x,a) <d:0(f(x),f(a)) <e.

We say that f: P — @ is p-o-continuous iff it is p-o-continuous at each
point.
We say that f: P — @ is uniformly p-o-continuous iff

Ve >036>0Ve,ye P, o(z,y) <d:o(f(z), f(y) <e.

Let o, 0 be metrics on the set M. We say that the metrics g, o are
topologically equivalent (uniformly equivalent) iff the identity function
id(M) : M — M is both g-o-continuous and o-p-continuous (uniformly
o-o-continuous and uniformly o-g-continuous). ([1] p. 232.)

3.2 Lemma. Let (M,p) be a metric space. Let f € M be continuous.
Then the metrics o, f o o are uniformly equivalent.

Proof. Let € > 0. From the continuity of f at 0 we obtain that 3§ > 0
Vo € (0,0) : f(z) <e. Let z,y € M, o(z,y) < d. Then f(o(z,y)) < e.
Thus Ve > 0 3§ > 0 Va,y € M, o(z,y) < 6 : (foo)(z,y) < &, i.e. the
function id(M) is uniformly o-(f o ¢)-continuous. Let ¢ > 0. By 2.5 we
have Vz € R} : 2¢ £ 22 = f(2¢) £ 2- f(z). Put § = f(2¢)/2 > 0. Then
Ve € R : f(z) <6 =2 <e Let a,y € M, (foo)(r,y) <. Then
o(z,y) <e. Thus Ve >0 36 > 0 Ve,y € M,(foo)(z,y) <d:o(x,y) <e,
i.e. the function id(M) is uniformly (f o 0)-o-continuous.

3.3. Theorem. Let (M,p) be a metric space. Suppose that there is
an accumulation point a of the set M with respect to the metric o. Let
f € . Then the metrics o, f o o are topologically equivalent iff f is
continuous.

Proof. Suppose that the metrics g, f o ¢ are topologically equivalent. Let
e > 0. Since the function id(M) is o-(f o p)-continuous, we have 3§ > 0
Ve € M, o(xz,a) < 6 : (fop)(xr,a) <e. Since Ve’ >03Ix € M,z # a:
o(z,a) < €', by putting ¢’ = § we obtain Iz € M,z # a : o(z,a) < 4.
Hence Ve > 0 Jy € RT : f(y) < ¢, i.e. by 2.9 the function f is continuous.
If f is continuous, by 3.2 we obtain that the metrics g, fop are topologically
equivalent.

3.4. Theorem. Let (M, ) be a metric space. Suppose that there is no



TBYCT NPCACIHBHIAS TOYKA MHOXCCTBA M oTHOCHTCNbHO MCTpHKi 0. TTycets fe M.
lora metpuki @, foQ TONOAOMHIECKH IKBHBAJICHTHBI.

Jlokasareaverso. Ilyers f paspeiBua. Cornacio 2.10 35eR"VyeR™:
FONZE. Tyers x e M, £ >0. U3 ycnosuit Tcopemsbt cnenyet, yto 36 >0 Vz e M,
z#x: p(x,z)=08. DTo o3HauaeT, uto VzeM, o(x,2)<b6: x=2z, T.e. 4TO
flo(x.2)) = 0<e. Takum obpaszom, Vx e M Ve > 038 >0VyeM, o(x,y) <
O: (fo0) (x,y)<e, T.c. orobpaxenue id (M): M— M o — fo0-HenpepbIBHO.

Iycets xeM, £>0. Ilycrb 6§ <&. Torma VYyeM, f(o(x,y))<d: o(x,y)
= 0<e. Cneposatenbho Vx € M Ve > 030 > 0VyeM, (fop) (x,y) < 6:
o(x.y)<e. 1. c. orobpaxcHue id (M): M —M fop — @-HenpepbIBHO, U NO3ITOMY
MCTPHKH Q. f 00 TONOIOIHUCCKM IKBHBAICHTHLL. ECH f HeNpepLIBHA. TO COTIACHO
3.2 0. fop TONONOrHYECKH IKBUBAJICHTHbI.

3.5. Teopema. Ilycts (M, 0) — meTpuyeckoe npoctpanctso. ITycts Ve >0
Ax, yeM, x+y: o(x, y)<e. Ilycrs fe M. Torna meTprku ©. foQ piaBHOMEPHO
3KBHBAJICHTHbI TOTAa H TO/IbKO TOIJia, KOraa f HenpepbiBHa.

HokasatenbcTBo. ITyctb MeTpUKH ©. foQ PaBHOMEPHO 3IKBHBAJNIEHTHBI.
IMycry € >0. Torna 36 >0Vx, yeM, o(x.y)<8: (fop) (x. y)<e. Iockoabky
Jx.yeM. x#+y:0(x,y)<6,70 f(o(x,y))<e.3naunt,Ve >0 Iy e R": f(y)<e,
T. €. coriacio 2.9. f HenpepbIBHa.

Ecnu f ncnpepsiBHa, TO B cuny 3.2 0, foQ PaBHOMCPHO 3KBMBAJICHTHbI.

3.6. Teopema. ITycts (M, o) — meTpuyeckoe npoctpanctso. [Tycrs 3a>0
Vx, yeM, x#y: o(x, y)=Za. Iycrs feM. Torna meTpkm @, foQ PaBHOMCPHO
IKBUBAJIEHTHBI.

HMoxasatensctBo. Ilycrs f € M paspuisha. Torpa cornacuo 2.10 3 € R* Vx
€ R": f(x) = & Mycrb £ >0. Monoxum 8 =a. Torna Vx, y e M: o(x, y) < 6 >
x=y.T.¢ flo(x,y)) = 0<e.Tlockoabky Ve > 036 > 0Vx,veM, o(x,y) <
S: (fo0) (x, y)<g, 10 oTOGpaKkenue id (M) paBHOMCPHO @ — foQ-HEMPCPBIBHO.
IMycts £ >0. TTonoxum o =&/2. Torna Vx, yeM: f(o(x,y)) <6=> o(x,y)
= 0<e. Tak kak Ve>0 30> 0Vx, yeM, (fop) (x,y) < 8: o(x, y)<e, T0
otobpaxenue id (M) : M —M paBHoMepho fop — 0 -Henpepuisio. [TosToMy MeT-
PHKH @, fo0 PABHOMCPHO 3KBHBAICHTHBL. ECIHM f HenpepbiBHa, TO COracHo 3.2
0. fo0 PaBHOMCPHO IKBHBANCHTHBI.

3.7. Iipumcp. Ilycto M = {1I/n: neN}, o(x,y) = |x —y| Vx, y e M. ITycTs
f el paspumua. Cornacto 3.4 ¢, foQ TOMOAOIMYCCKH IKBUBAJICHTHBI M COMTIACHO
3.5. He SBJISIOTCS PABHOMCPHO IKBHUBAICHTHBIMH.
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accumulation point of the set M with respect to the metric o. Let f € A .
Then the metrics o, f o o are topologically equivalent.

Proof. Suppose that f is discontinuous. By 2.10 we have 3¢ € RT
Vy € R : f(y) 2 & Let z € M, € > 0. From the assumptions we obtain
that 30 >0Vz € M,z # 2 : o(x,2) =2 6. ThenVz € M,o(z,2) <d:x =z,
which yields f(o(z,2)) = 0 < e. Thus Vo € M Ve > 0 30 > 0
Yy € M,o(z,y) < § : (f op)(z,y) < e, i.e. the function id(M) is -
(f o 0)-continuous.

Let x € M, e >0. Let 6 <& Then Vy € M, f(o(z,y)) < d: o(z,y) =
0<e. ThusVe e MVe>030>0Vye M, (fop)(r,y) <d:o(z,y) <k,
i.e. the function id(M) is (f o p)-o-continuous. Hence g, f o o are
topologically equivalent. If f is continuous, by 3.2 the metrics o, f oo
are topologically equivalent.

3.5. Theorem. Let (M, p) be a metric space. Let Ve > 0 Jz,y € M,z #
y:o(z,y) <e. Let f € 4. Then o, f o are uniformly equivalent iff f
18 continuous.

Proof. Suppose that p, f o o are uniformly equivalent. Let ¢ > 0.
Then 36 > 0 Vz,y € M,o(z,y) < ¢ : (f o p)(z,y) < e. Since
Jz,y € M,z # y : o(z,y) < §, we have f(o(z,y)) < . Hence Ve > 0
Jy € RY : f(y) <e¢,ie. by 2.9 f is continuous.

If f is continuous, by 3.2 the metrics o, f o ¢ are uniformly equivalent.

3.6. Theorem. Let (M,p) be a metric space. Suppose that Ja > 0
Ve,y € M,z #y: olx,y) 2 a. Let f € #. Then g, f oo are uniformly
equivalent.

Proof. Suppose that f € .# is discontinuous. By 2.10 we have 3¢ € RT
Ve € RY ¢ f(z) 2 & Let e > 0. Put § = a. Then Vz,y € M :
o(z,y) < § = x = y, which yields f(o(z,y)) = 0 < e. Since Ve > 0
36 > 0 Vz,y € M,o(z,y) < 6 : (foo)(z,y) < ¢, the function id(M)
is uniformly o-(f o p)-continuous. Let ¢ > 0. Put § = £/2. Then
Ve,y € M : f(o(z,y)) < 6 = o(x,y) = 0 < e. Since Ve > 035 > 0
Va,y € M,(f o o)(z,y) < d§ : o(z,y) < €, we obtain that the function
id(M) is uniformly (f o p)-g-continuous. Thus the metrics g, f o o are
uniformly equivalent. If f is continuous, by 3.2 we have that g, f o ¢ are
uniformly equivalent.

3.7. Example. Let M = {1/n;n € N}, o(z,y) = |z — y| for each
x,y € M. Let f € .4 be discontinuous. By 3.4 g, f o g are topologically
equivalent, but by 3.5 they are not uniformly equivalent.
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