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Out of ’Hopital clutches: an example
Jozef Dobog§*

Institute of Mathematics, Jesenna 5, Kosice 04001, Slovakia
(Received 6 July 2007)
How to establish the limit lim,_,o(x — sin x)/(x?) before learning about ’'Hopital
rule? The aim of this note is to answer this very reasonable question.
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Some 30 years ago, the author first met the following limit

. X —sinx
lim ———.
x—0 X
It was the first time he was unable to solve a limit without using derivatives. But with

I’Hopital rule it was too easy!
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Professor Cavallini [1] shows that it follows immediately from the following
property

X

4 (sinx\’
ofi3) — v =3 (3)

of the function

—sinx

fl) ==

’

X3

that lim,_¢ f(x), if it exists, is necessarily 1 /6.
The author found independently a similar result (unpublished) based on the identity

.3
423) = flx) = — (Sm x) .

l14+cosx\ x

However, we still cannot conclude anything as the limit may or may not exist. Indeed,
if we apply previous method to the function

fix) = o
it follows from the properties
5) =22 @ =1 S(3) =4 - 34,

that lim,_, o f(x), if it exists, is necessarily 1. But it is well known that this limit does not
exist.

The existence of the limit lim,_, o(x — sin x)/(x?) is not easy to show. We start from the
following identity, which is proved in [2]

0

nel .3 i)_x—sinx
23 sin (3n =—Q7

n=1

which yields (for x # 0)

> X —sinx

; Jfo(x) = —a (1)
where

fulx) = % .3 Lgin? (31)

Using the basic limit limy_.¢ (sin#)/0 = 1 [3], we reconstruct the function f, so that

_ 4 sind(x/3) 4
fn(O) - )lcl_f)l'(l)fn(x) = )161_1}(1) 32n+1 ’ (x/3n)3 = 32n+1

and thus remove its discontinuity.
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It is not difficult to verify that

= = 4 1
;fn(o) = ;W:E'

Since |sin 0| < |9|, we have

4
9] £ o

Therefore, by the Weierestrass M-test, Y -~ f,(x) converges uniformly.
Since the sum of this series is a continous function, by (1) and (2) we obtain

x—sinx 1
hrni3 = —.
x—0 X 6

Now we are ready to give an epsilon—delta proof of (4).
Let £>0. Choose n € N such that 1/3*"*! <¢. Put

k
Sk(x) = fi(x).
i=1

Since 4sin’ 6 = 3sin6 — sin 36, by using the squeeze principle we obtain

Sk(x) = %i[? sin(%) — 31 sin(%)] = % . (3k sin3—); — sin x),
i=1
which yields

X —sinx
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Indeed, by using the basic limit limy_ (sin@)/0 = 1, we obtain limy_,» 3% sin (x/3%) = x.

By (3) we have

n+k n+k 4 1 1 1
‘Sn+k(x) - Sn(x)’ = Z ‘fl(X)‘ = Z 32+l — 5 3kl (l _ﬁ>

i=n+1 i=n+1

Therefore

. N S 1
A [Sii(x) = Su()] = ;35{305 3l (1 _37)

and by (7) we have

Since

_ ol "4 111
)= 20 = i =
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for e = & — 1/3%"*1 >0 there is § >0 such that for each x e (—3§,8), x # 0, we have

I 1 1 1
Sn(X)— E—EW <81:8_W'

Thus
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The proof is complete.
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