ON CERTAIN DECOMPOSITIONS OF CONTINUITY(*)

by JAN BORSIK and JOZEF DOBOS3 (in Kosice)(**)

Estratto da

RENDICONTI \
DELL'ISTITUTO DI MATEMATICA DELL’UNIVERSITA DI TRIESTE
VOL. XX - FASC.II - 1988

EDIZIONI LINT TRIESTE



ON CERTAIN DECOMPOSITIONS OF CONTINUITY(*)

by JAN BORSIK and JOZEF DOBOS (in Kogice)(**)

SOMMARIO.- Nell’articolo si introduce una nozione indebolita del concetto di
continuita. Tale definizione (detta “mild continuity”) generalizza vari tipi di
continuita considerati precedentemente. Come nisultato principale, si rniesce
a caratterizzare la continuita di una funzione usandc forme piu deboli di
continuita.

SUMMARY.- In the paper the notion of mild continuity is introduced. It generalizes
some well-known types of continuity (e.g. cliquishness, quasi-continuity,
closedness of the graph). As a main result it is proved that a function is
continuous if and only if it is mildly continuous and almost continuous.

In the literature there are many papers dealing with almost continuity
in connection with the decomposition of continuity. See for examplc [4],
[13], where it is proved that a function is continuous if and only if it is
almost continuous and cliquish, similarly, in [11], [12] continuity is decom-
posed into almost continuity and quasi-continuity and, in [8], into almost
continuity and graph closedness.

In the present paper we give a simultancous generalization of the
decompositions mentioned above. We introduce a class of functions con-
taining cliquish functions, quasi-continuous functions and functions with
the closed graph. The corresponding generalized continuity (called mild
continuity) combined with almost continuity gives a deccomposition of
continuity.

In what follows X, Y denote topological spaces. For a subset 4 of a
topological space denote Cl A and Int A the closure and the interior of A4,
respectively. The letters Q and R stand for the set of rational and rcal
numbers, respectively.

DEFINITION 1. (Sce [7].) A function f : X = Y is said to bc almost
continuous (known also as nearly continuous, scc [11]) at a point x € X if
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for each neighbourhood V of f(x), CIf'l(V) is a neighbourhood of x. If f
is almost continuous at every x € X, then it is called almost continuous.

DEFINITION 2. (See [9].) A function f: X - Y is said to be quasi-con-
tinuous at a point x € X if for each neighbourhood U of x and cach
neighbourhood V of f(x) there exists a nonempty open set G C U such that
f(G) C V. Denote by Q¢the sct of all points at which f is quasi-continuous.
If O = X, then f is called quasi-continuous.

THEOREM A. (See [12], also [11].) Let Y be a regular space. Then
f:X = Yis continuous if and only if it is almost continuous and quasi-con-
tinuous.

The following example shows that the assumption of the regularity of
Y in Theorem A cannot be omitted.

EXAMPLE 1. Let X = R with the usual topology. Let Y = R with the
topology = &F U {g}, where & is the filter consisting of all sets the
complements of which are nowhere dense sets in usual topology of R. Let
f : X = Y be the identity function. Then f is almost continuous and
quasi-continuous, but it is not continuous.

The following example shows that Theorem A does not hold point-
wise.

EXAMPLE 2. Lctf: R+ R, f(x) = 1forx =1/n(n = 1,2,...) and f(x)
= 0 otherwise. Then f is quasi-continuous and almost continuous at the..
point 0, however it is not continuous at the point 0.

THEOREM 1. Let Y be a regular space. Let f : X - Y be almost
continuous. Then the set Qf is closed in X.

Proof. Letx € C1 Q. Let U and V' be open neighbourhoods of x and
f(x) respectively. Choosc a ncighbourhood W of f(x) such that CI W C V.
From thc almost conlmmly at x there 1s an open neighbourhood A of x
such that the sct f~ (W) is densc in H. Since x € ClI Qr, there is a point
y €QrNHNU. Let S be aneighbourhood of f(y). From the quasi-conti-
nuity al]y there 1s a nonempty open scl T C H N Usuch that {(T) C S.
Since f 7 (W) is dense in H, we have f~ (W) NT =@ Thenp = WN (T
C W N S. Thus cach neighbourhood § of f(y) intersects the sct W, which
yiclds f(y) € CIl W C V. Therefore Vis a neighbourhood of f(y). From the
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quasi-continuity at y there is a nonempty open set G C U such that
f(G) CV.Thusx € Q.

The following cxample shows that the assumption of the regularity of
Y in Theorem 1 cannot be omitted.

EXAMPLE 3. Let X = R with the usual topology. Let Y = {a, b}.J—
{0, (b),Y}.Letf: X =Y, f(x) = aforx € Q, f(x) = b otherwisc. Then f
is almost continuous, Qris dense in X, however fis not quasi-continuous.

From Theorem A and Theorem 1 we obtain the following

THEOREM B. (Sce [6].) Let Y be a regular space. Then f: X - Yis
continuous if and only if it is almost continuous and the set Qris dense in X.

DEFINITION 3. We say that a function f: X’ = Y is pointwise discon-
tinuous if the sct of all continuity points of f is dense in X.

COROLLARY 1. (See [1].) Let Y be a regular space. Then f: X - Y is
continuous if and only if it is almost continuous and pointwisc dis-
continuous.

The following cxample shows that a quasi-continuous real function
nced not be pointwise discontinuous.

EXAMPLE 4. LC[ Q = {41’42, q3, } LthZ Q - R,f(X) - E 2—!1 for
n:g, <x
each x € Q. Then f is a quasi-continuous function without points of
continuity.

DEFINITION 4. (Sce [8].) We say that a function f: X = Y has the closed
graph if the set {(xy) €EX X Y;y = f(x)} is a closed subset of the product
X xY.

COROLLARY 2. Let X be a Baire space and Y be a o-compact Ty space.
Then f: X = Yis continuous if and only if it is almost continuous and has
the closed graph.

Proof. Suppose that f : X -» Y has the closed graph. Then by [3] the
function f is pointwisc continuous.
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DEFINITION 5. Let f: X = Y. Put §¢ = {x € X; there is a basc A4 of
ncighbourhoods of f(x) such that for cvcryA € A and for cvery ncigh-
bourhood U of x the set f Y(4) — Int f71(4) is not dense in U}. We say that
f is mildly continuous, if the sct S¢is dense in X.

LEMMA 1. Let f: X = Y. Then Qp C Sp.

Proof. Letx € Q. Let U and V be nex%hbourhoods of x and f(x)
respectively. We shallshowlhatf (V) Intf~ (V) isnotdensc in U. Since
x € Qf thcrc is a nonempty opcn set G C U such that f(G) C V. Thus

G C Int f ~Y(V), which yiclds (f~ ‘W -t f ') NG =

LEMMA 2. Let f : X - Y be almost continuous. Then S C Qr.

Proof. Let x € Sp. Let U and V be neighbourhoods of x and f(x)
respectively. Let A be a ncnghbourhood of f(x) such that A C V and for
cach neighbourhood T of x the set f ~ (A) ~Intf~ (A) is not dense in 7.
From the almost continuity at x there is a neighbourhood W of x such that
fHA) s dcnsc in W. Now there cexists a nonemply opensct HCUNW
such that (f (A) Intf_l(A)) NH = ¢. Since f~ (A) is dense in W, we
obtain f (A) N H # ¢. Hence Int f~ (A) NH=z¢ PutG =Intf" f(A)
N H. Then G is a nonemply open sct such that G C U and f{G) C V. Thus

We are now ablc to establish the main thcorem, which follows from
Lemmas 1 and 2 and Thecorem B.

THEOREM 2. Let Y be a regular space. Then f: X - Y is continuous if
and only if it is almost continuous and mildly continuous.

COROLLARY 3. (Scc [8].) Let Y be a locally compact Hausdorff space.
Then f: X = Yis continuous if and only if it is almost continuous and has$
the closed graph.

Proof. Suppose that f: X = Y has the closed graph. Letx € X. Let A4
be @ base of compact nughbourhoods of the point f(x). Since f has the
le@d graph, bv [5] the set f™ (4) is closed in X for cach A € 4. Thus
f (A) —Int f~ (A) is nowhcre dense in X. This shows thatx € 5.

DEFINITION 6. (Sce [9].) Let Y be a metric space with a metric d. A
function f : X = Yis said to be cliquish at a pointx € X if for cache > 0
and cach ncighbourhood U of the point x there exists a nonemply open set
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G C U such that d(f(y), f(z)) < € for cachy,z € G. Denotc by Ay the set
of all points at which f: X —» Yis cliquish. If 4 = X, thenfis called cliquish.

The following example shows that the cliquishness is not a topological
notion.

EXAMPLE 5. Let X = Q N (0, 1) with the usual topology. Put Y =
{Un;n =1,2,3,..}. Let d; be the usual metric on Y and d, the discrete
metric on Y (i.c. dy(x, y) = 1forx = y). Then d; and d, arc topologically
cquivalent. Let f: X > Y be the Riemann function (i.c. f(x) = 1'q forx =
p/q, where p, g are relatively prime integers, ¢ > 0). Then f: X - (Y, d))
is cliquish, while f: X = (Y, d,) is not cliquish.

LEMMA 3. Let Y be a metric space with a metricd. Let f : X - Y. Then
A CSy.

Proof. Letx € Ar— Sy Let gy > 0 be a such that for cach ncighbour-
hood Vof f(x), V C .S[{f(x), gg), there is a neighbourhood 7 of x such that
the sctf_l(l/) —Intf~"(V)isdenscinT.Lect e > 0. We may assumee < ¢,
Then there is a neighbourhood W of x such that the set H - f- I(S(f(.r),
e/2)) - Int f NS (f(x), ¢/2)) is dense in W. Let U be a ncighbourhood of «.
Since x € Ay, there is a nonempty open set G C U N W such that d(f(y),
f(z)) < e/2foreachy,z € G. Since H is dense in W, we have G N I # o.
Chooscy € G N H. Letz € G. Then d(f(x), f(z)) < d(f(x), f(;)) + d(f(v).
f(z)) < €/2 + €/2 = e. Therefore f(z) € S(f(x), €). Thus f(G) C S(fx). €).
Hencex € Qf, which contradicts to Lemma 1. Thus Af— Sf = 0.

COROLLARY 4. (See [13], also [4].) Let Y be a metric space. Then
[: X = Yis continuous if and only if it is almost continuous and cliquish.

DEFINITION 7. (Scc [2].) A functionlf : X = Yis said to be simply
continuous if for every open set V of Y, f 7' (V) is the union of an open sct
of X and a nowhere dcnse set of X.

COROLLARY 5. Let Y be a regular space. Then f : X - Y is continuous
if and only if it is almost continuous and simply continuous.

DrriNrmion 8. (Sce [10].) A function f : X = Y is said to be barcly
continuous iffw has a point of the continuity for cach nonempty closcd
set Min X,

LEMMA 4. Let Y be a regular space. If f : X - Y is barely continueus,
then it is mildly continuous.
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Proof. Supposc that f : X - Y is barely continuous. Let x € X. If
x € Qp, by Lcmma 1 we havex € Sf Suppose thatx & Qf Then therc is an
opcn ncnghbourhood W of f(x) and an open ncnghbourhood U of x such
that for each nonempty opcnset G C Uthecreisy € G—f L(W). Let Vbe
a neighbourhood of f(x) such that CI V C W.Theset £ = {TCY;Tisa
ncighbourhood of f(x) and T C V'} is a base of neighbourhoods off(x) Let
S bc a nelghbourhood of x and T € A. We shall show that f ~}(T) - Int
XD is not dense in S. Clearly P = U N Int S is an open ncighbourhood
of x. Let z be a continuity point of f|; p. We shall show that f(z) & W. If
namely f(z) € W, then Wis a ncxghbourhood of f(z) and hence therc is an
open neighbourhood A4 of z in X such that f(4 N C/ P) C W. However,
A N Pis a noncmpty open subset of U and hence there isy € 4 N P with
f(y) & W, a contradiction. Thus f(z) & W. This implies that Y - C/ Vis a
neighbourhood of f(z). Hence there is an open neighbourhood B of z in X
such that f(B N CIP) CY-ClV.Then B N Pis a nonempty open subset
of Sandf(B N P) CY - CIV. Therefore (B N P) nf“(V) =gic.f” (V)
is not dense in S. Hence f “}(T) is not dense in S. Therefore f ~(T)
—Intf~ (T) is not dense in S.

The assumption of the rcgularity of Y is essential, as the following
example shows.

EXAMPLE 6. Let X =Y = {a, b, c},$ = {0, {a,c}, X}, T= {9, {a},
{c}, {a, c}, Y}. Letf: (X,8) » (Y, ) be the identity function. Then f is
barely continuous, but it is not mildly continuous.

COROLLARY 6. Let Y be a regular space. Then f : X - Y is continuous
if and only if it is almost continuous and barely continuous.

The following cxample shows that the assumption of the mild conti-
nuity in Theorcm 2 cannot be replaced by the assumption “first Baire
class” or by the assumption that the sct of all discontinuity points is of the
first category.

EXAMPLE 7. Let 4 be a dense subset of Q such that Q — 4 is densc in
Q.Letf:Q =R, f(x) = 0forcachx € 4 and f(x) = 1 otherwise. Then f
1s almost continuous of the first Baire class, but Sp=9

It is well-known that the sct of all points of the discontinuity of a quasi-
continuous (cliquish, pointwisc discontinuous, simply continuous, barely
continuous, with the closed graph) real function of a real variable is of the
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first category. We shall show that there is a mildly continuous real function
of a rcal variablc without points of the continuity.

EXAMPLE 8. Let f: R = R, f(x) = q for x = pl/q, where p, q arc
rclatively prime integers, ¢ > 0, f(x) = 0 otherwisc. Then f is mildly
continuous, ncvertheless f is discontinuous at each point.
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