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SIMPLE CONTINUITY AND CLIQUISHNESS

Jozer DoBoS, KoSice
(Received April 9, 1985)

Summary. An example is given which shows that a real simply continuous function is not
always cliquish. On the other hand, it is shown that any real function defined on a locally second
countable topological space which is simply continuous is cliquish.
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In 1969 N. Biswas [1] introduced the concept of simple continuity and investigated
some of its properties. The notion of cliquishness was introduced by W. W. Bledsoe
[2] for the functions of a real variable taking the values in a metric space. It was
generalized by H. P. Thielman [5] for the functions defined on a topological space.
In 1973 A. Neubrunnovd in her paper [4] showed that there exists a cliquish function
which is not simply continuous. She also gave two sufficient conditions for simply
continuous functions to be cliquish.

The purpose of the present paper is to investigate the interrclation among the
simple continuity and the cliquishness.

Listed below are definitions and theorems that will be used in the paper.

Definition 1. (See [1; Definition 1].) Let X be a topological space. A subset A
of X is said to be simply open if there exist two subsets B and C of X where B is
open and C is nowhere dense in X, such that Bu C = A = CI(B u C).

Remark 1. A subset A of a topological space X is simply copen if and only if
Fr A (where Fr 4 = Cl A — Int A) is nowhere dense in X (see [1; Remark 1]).

Definition 2. (Scc [ 1; Definition 3].) Let X, Y be two topological spaces. A function
f: X — Yis called simply continuous if for every open subset G of Y the sct f ~*(G)
is simply open in X.

Definition 3. (See [5].) Let X be a topological space and Y a metric spacc with
a metric d. A function f: X — Y is said to be cliquish at a point x, € X if for each

¢ > 0 and each neighbourhood U(x,) of the point x4 (in X) there exists an open set
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U < U(x,), U # 0 such that for each two points x,, x, € U the inequality d(f(x,),
f(x;)) < ¢ holds.

A function f: X — Y is said to be cliquish (on X) if it is cliquish at cach point
x e X.

Theorem A. (See [4; Theorem 2.1].) Let X be a topological space of the second
category at each of its points and let Y be a separable metric space. Then a function
f: X = Ywhich is simply continuous is also cliquish.

Theorem B. (See [4; Theorem 2.2].) Let X be a topological space and Y a totally
bounded metric space. Then any function f: X — Y which is simply continuous on X
is cliquish on X.

Lemma 1. (See [3; Theorem 1].) Let X be a topological space and Y a metric
space. Let f: X — Y be a function. Denote by A, the set of all points at which the
Sfunction fis cliquish. Then A, is closed in X.

A simply continuous real function is not always cliquish, as the following cxample
shows.

Example 1. Let X be the set of all positive integers and & an ultrafilter in X,
which contains no finite set. Let X be assigned the topology © = & U {0}. Let Y
be the set of all real numbers with the Euclidean metric and let f: X — Y be defined
by f(x) = x for each x € X. Since each subset of X is simply open, the function f is
simply continuous. Since each nonempty open subset of X is infinite, the set A, is
empty.

Remark 2. Since the Riemann function is cliquish but not simply continuous
(see [4]), Example 1 implies that the simple continuity and the cliquishess are two
independent notions.

Definition 4. A n-base for a topological space X is a family & of open subsets of X
such that every nonempty open subset of X contains some nonempty A € &7.

Notation. Let X be a topological space. Denote by #;X) the family of all open
subsets of X which have (as topological spaces with the hereditary topology from X)
a countable n-base.

Theorem L. Let X be a topological space such that #{X) is a n-base for X. Let Y
be a metric space (with a metric d) such that every bounded subset of Y is totally

bounded. Then any function f: X — Y which is simply continuous on X is cliquish
on X.

Proof. By contradiction. Supposc that there is a simply continuous function
f: X — Ysuch that A, & X, By Theorem B we obtain that the set Yis not bounded.
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Put U = X — A,. Then by Lemma 1 the set U is open. Choose y, € Y. Denote
by N the set of all positive integers. Put

A, ={yeY:d(y,y,) = n} foreach neN.

Let n € N. We will show that f~!(4,) is dense in U. By contradiction, suppose that
there is a nonempty open set G < U such that G f7!(4,) = 0. Then f(G) < Y —
— A, Let g: G —» (Y — A,) be defined as g(x) = f(x) for each xe G. Since g is
simply continuous and Y — A4, is totally bounded, by Theorem B the function g
is cliquish on G. Thus f is cliquish on G, which contradicts the inclusion G <« U =
=X — A,

Let B € #(X) be a nonempty open subset of X such that B < U. Let {G,}, be
a countable n-base for B. We will show that there exists a sequence {x,}2, of points
(in X) such that

(1) X, € Gypy1y2; foreach neN,
(2) d(f(x;), f(x)) =2 for i,jeN, i*j

(where [r] denotes the integer part of ).
Choose x; € G;. Suppose Xy, ..., X, have been constructed. Choose m € N such
that
m > max {d(yo, f(x})); i = 1,2,...,k} + 2.

Since the set f~'(A4,,) is dense in U, there exists a point X,y € f ~*(4,) 0 Gyyp2y2y

Hence for cach i €{1,2, ..., k} we obtain d(yo, f(x;))) + 2 < m < d(yo, f(Xy41)) <
< d(yo, f(x:)) + d(f(x:), f(x+1))- Thus d(f(x,), f(x4+1)) > 2. Put

B,={yeY; d(y,f(x,) <1} foreach neN,

E=UB2k and F=UBZR—1'
k=1

k=1

Then by (2) we have En F = 0. Since for each k € N we get x,, € G,, the sct £ ~(E)
is dense in B. Since

(Intf~YF)nB)nf"YE) < f"(F)nf~YE) =90,
we obtain
(3) Intf"YF)n B =90.
Since for cach ke N we get x,,_,; € G,, the set f~!(F) is dense in B. Thus B
< Clf~!(F). Therefore (3) yields

(4) Bc Frf~Y(F).

Since f is simply continuous and F is open in Y, the set f~(F) is simply open in X.
By Remark 1 the Fr f~(F) is nowhere dense in X. Thus by (4) the set B is nowhere
dense in X, a contradiction.
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Corollary. Let X be locally second countab le topological space. Let Y be a metric
space such that every bounded subset of Y is totally bounded. Then any function
J: X - Ywhich is simply continuous on X is cliquish on X.

Remark 3. The assumption “%(X) is a n-base” in Theorem 1 cannot be omitted,
as Example 1 shows.
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Souhrn
JEDNODUCHA SPOJITOST A KEUKATOST

Jozer DoBo3
V tejto praci je zostrojeny priklad, ktory ukazuje, Z¢ redlna jednoducho spojita funkcia nemust

byt kTukata. Okrem toho je tu dokazané, Ze kaZ?da redlna jednoducho spojita funkcia definovana
na topologickom priestore, ktory spliia lokalne druhd axiému spo&itateInosti, je klukata.

Pe3iomMme
INPOCTAS HEIIPEPLIBHOCTE M U3BUJIVICTHOCTE

Jozer DoBod
B pabore nokasano, YTO BEmMECTBCHHAS NPOCTO HCMpPEpbIBHAS (QYHKUMA HE 00sA3ana ObITh H3BH-

jmucToit. C apyro#t cropoHsl, eclm 06acCTb OMNpeJe;IeHHS BEILECTBCHHON NMPOCTO HErpepLIBHON
¢dynkuun f JI0KaJIbHO YOOBJIETBOPAET BTOPOM aKCHOMC CYETHOCTH, TO (MYHKUMSA f H3IBHIIMCTA.
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