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The function f: R — R is said to be locally symmetric at the point xe R if
there exists a § = &(x) such that for each s, 0 < h < §, the equality f(x — h) =
= f(x + h) holds. The function f: R — R is said to be locally symmetric (on R)
if it 1s locally symmetric at each point xe€ R (see [1]).

The function f: R — R is said to be symmetrically continuous at the point
xe R if 'l’i_r.rz) (f(x + h) — f(x — h)) = 0. The function f> R— R is said to be

symmetrically continuous (on R) if it is symmetrically continuous at each point
x € R (see [1]). Clearly each locally symmetric function is symmetrically continu-
ous.

It is known (see [1]) that the class of all symmetrically continuous functions
i1s closed with respect to uniform convergence. In connection with this fact the
question arises whether the abovementioned class is closed with respect to
quasi-uniform convergence. The purpose of the present note is to give a negative
answer to this question.

For convenience we recall the definition of quasi-uniform convergence.

Definition. Let X be a set and Y a metric space (with the metric d).
A sequence {f,}_, of functionsf,: X — Y (n = 1, 2, ...) is said to be quasi-unifor-
mly convergent to f: X — Y if
(1) {f.};°-, converges pointwise to - X' — Y, and
(1) e>0mef0,1,2,...}) peN xeX:

min {d(f,, , (x), f(x)), ..., d(f,,, ,(x), [N} < &

(see [2], p. 143).

Lemma 1. Let X be a set and Y a metric space (with the metric d). Let {f,},°-
be a sequence of functions f: X - Y (n=1, 2, ...), converging pointwise to
f: X = Y. If there exist sets A, B < X such that

(1) AuB=X,
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(2) forany xed keN: f,(x) = f(x),
(3) for any xe B ke N: £, _(x) = f(x),

then {f,}_, converges quasi-uniformly to /: X — Y.
Proof. Let me{0, 1, 2, ...}. Put p = m + 2. Then we have

for each xeA: f,, . (x) = fin 4 2{X) = f(X),
for each X€ B f, 1, 1(X) = fom s (X) = f().

Hence for each xe X we obtain

min {d(f,, . \(x)- fx)), ..., d(fr 4 (x), ()} =0 < &.

Lemma 2. Let f. g: R — R be functions. Let us suppose that there exists
a finite set F < R such that f(x) = g(x) for each xe R — F. Then f is locally
symmetric if and only if g is locally symmetric.

Proof. Let f be locally symmetric. Let xe R. Then there exists §, > 0 such
that

for each heR, |h| < &,: f(x + h) = f(x — h).

Put 6 = min {§,, dist (x, F—{x})} > 0. Let heR, 0 <|h| < 8. Then x+ A,
x — he R — F, hence we have

gx+h)=f(x+h)=f(x—h)=g(x—h).
Thus g 1s locally symmetric.

Lemma 3. Let /: R —» R be locally symmetric at 0. Let for cach ne N the set
{xe R — {—1;n, 1/n): f(x) # 0} be finite. Then fis locally symmetric.

Proof. Let xe R, x # 0. Let ne N such that 1/n < |x|/2. Put A = {yeR —
—=1/n, I/n): f(3y) # 0} — {x}, § = min {I/n, dist (x, 4)} > 0. Let heR, 0 <
< |h| < &. Since |[(x + h) — x| = |h| < dist (x, A), we obtain x + h¢ A. Since
|| < 1/n, we get -

In<|x|/2 =|x|] —|x]'2 < |x| — || £ |x + A,

hence x + h¢ (—1/n, 1/n). Since || >0, we have x + h¢{x}. Then x + he
ey eR: f()) = 0}, i.e. f(x + h) = 0. Thus fis locally symmetric at x.
Theorem. There exists a sequence {f,}7_ , of functionsf,; R R(n=1,2,...)

converging quasi-uniformly to f: R — R such that each £, is locally symmetric
but fis not symmetrically continuous.

Proof. Put K ={—1/(2k): ke N} and L = {1/2k + 1): ke N}. For each
ne N put

K,=Kou{lj2k + 1): k <n}u {1/(2k): k = n},
L,=Lu{-1/2k): k<nju{-1/Qk + 1): k = n}.
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Define a sequence {f,}*., of functions f,: R—» R (n =1, 2, ...) as follows

1 for xeK,, {1 for xeL
2m X) = m — (x = "
San) {O for xeR— K, Som %) 0 forxeR-—-L

m?

(m =1, 2, ...). Define a function f: R — R as follows

1 forxeKulL,
0 otherwise.

JSx) ={

It is not difficult to verify that the sequence {f,}°_ , converges pointwise to f. Put
A=(—00,0) and B = {0, ).

Then by Lemma 1 the sequence {f,}*_, converges quasi-uniformly to f. By
Lemma 3 the functions f; and f; are locally symmetric. Hence by Lemma 2 each
function f, (n =1, 2, ...) is locally symmetric. Since

lim (f(0 + 1/2n + 1)) = 0 = 1/2n + 1)) = 1,

the function fis not symmetrically continuous.
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SUHRN

O KVAZIROVNOMERNEJ KONVERGENCII A SYMETRICKY
SPOJITYCH FUNKCIACH

Jozef Dobos§, Kosice

V tejto praci dokazujeme, Ze mnozina victkych symetricky spojitych funkcii nie je uzavreta
vzhladom na kvazirovhomernu konvergenciu.

PE3IOME

OB KBA3BMPABHOMEPHON CXOOUMOCTU U CUMMETPUUECKU
HEIPEPBIBHbIX ®YHKIIUAX

Hosed Hobowu, Koumue

B HacTosuei pa60Tc MBI [TOKAa3bIBACM, YTO MHOXCCTBO BCEX CHMMCTPHYCCKH HCMPCPbIBHBIX
(bym(um"{ HC ABJIACTCS 3AMKHYTbIM OTHOCHTCJILHO KBaBHp&BHOMCpHOﬁ CXOJIMMOCTH.
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