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A NOTE ON THE FUNCTIONS
THE GRAPHS OF WHICH ARE CLOSED SETS

JOZEF DOBOS, Bratislava

Let (X, 0), (Y, o) be two metric spaces. Denote by U(X, Y) the set of all
functions f: X— Y, the graphs of which are closed subsets of the space (X X Y, 1)

where =V(o”+ 0°). Denote G(f) the graph of the function f: X— Y.

In [1] the following theorem is proved:

Let f.€ U(X, Y) and let {f.},-1 be almost uniformly convergent to f (i.e.
{f.}»-11s uniformly convergent to f on each compact K = X). Then fe U(X, Y).

We shall show that the above mentioned assertion is not true. Further
a condition under which the set U(X, Y) is closed with respect to quasi-uniform
convergence will be given.

Let R, Q and N be sets of all real, rational and positive integer numbers,
respectively.

Example. Denote X={1/m; me N}u{0}, Y= Q. Let {a.}.-: be an increas-
ing sequence of points a, € R — Q, such that a,—1. Let ne N. Let {b.}«-: be
a sequence of points b.x € Qn(a,, @.+1), such that b, — a..,. Define a function f,:
X— Y by f.(0)=2, f.(1/m) = b, for every m € N. Define a function f: X— Y by
f(0)=2, f(1/m)=1 for every me N. We show that f,e U(X, Y) (n=1,2,..),
f.=f, but f¢ U(X, Y).

Let ne N. We show that f,e U(X, Y). Let ¢, e G(f,) (p=1,2,..), ¢,—
co€ X X Y. We show that

dpeNVgeN, g=Zp:c,=¢

(then obviously ¢, € G(f,)). Assume the contrary. Then sequences {c,},-1, {(1/m,
f.(1/m))};-1 have a common subsequence {d,};-, and d,— c.. Since {(1/m,
[.(1/m))}m-1 is a Cauchy sequence, (1/m, f.(1/m))— co, a contradiction. We now
show that f,=3f. Let £>0. Since a.— 1, we have

AneNVnZno: la.—1|<e¢
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Let me N. Then obviously

VnZne: |f,(1/m)—f(1/m)| = |bum — 1| <|a, — 1| <&,
1£(0) - f(0)| =]2-2|<e

VnZnoVxeX: |fu(x)—f(x)|<e

iLe. f,=3f. If ¢,=(1/p, f(1/p))=(1/p, 1), p e N, then obviously ¢, € G(f), ¢c,—
(0, 1) ¢ G(f). Consequently f¢ U(X, Y).

In the next text we shall give a sufficient condition for the closedness of
U(X, Y) with respect to quasi-uniform convergence. Recall the definition of
quasi-uniform convergence.

Definition. Let X be a set and Y a metric space (with the metric d). Let
fi: X>Y (n=1,2,..). Asequence {f,}.- is said to converge quasi-uniformly
to f: X—>Yif

() Vxe X: f.(x)—>f(x),

(i) Ve>0Vme{0,1,2,..} IpeNVxe X:

min {d(fm+1(x), (X)), ..., d(frmsp (%), f(x))} <& (see [2], p. 143).

Theorem. Let (X, o) be a metric space. Let (Y, o) be a metric space, in which
every closed and bounded set is compact. Let f, e U(X, Y) and let {f,}~-; be
quasi-uniformly convergent to f. Then fe U(X, Y).

Proof. Let (x,, y,) € G(f) (p=1, 2, ...), (%55 ¥»)— (x0, yo). We show that each
neighbourhood of the point (xo, f(x0)) contains the point (xo, yo) (then obviously
(x0, yo) € G(f)). Let U be a neighbourhood of the point (xo, f(x0)). Then

dheN: S((xo0, f(x0)), 2/h)c U (1)
Since f,(x0)— f(xo), we have
IAm>h VY k>m: o(f(xo), f(x0))<1/h

Hence

Therefore

V k>m: t((x0, f(x0)), (X0, fi(x0)))<1/h (2)

Let ke N. Since {f,}:-1 is quasi-uniformly convergent to f, we have Ige N
VxeX:

min {o(fm+1(x), f(x)), ..y O(frmsq(x), f(x))}<1/(h+1)

Denote A;={pe N: o(fn.i(x,), f(x,))<1/(h+1)} for each ie{1, ..., g}. Then
obviously

Hence there exist je {1, ..., q}, such that the set A, is infinite. Let {x,, }7-, be
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a subsequence of the sequence {x,},-:, such that
VreN: p e A,
Denote z, = x,, for each re N. Then
VreN: o(fmri(2), f(2))<1/(h+1) (3)
Since f(z.)—>yo the set {f(z.): re N} is bounded. Denote B =S(yo, ..
sup {o(f(z.), yo): r€ N} +1/h). Then
VreN: fn.i(z.)eB

Since B is compact (in Y) there exists a subsequence {t}:=, of the sequence
{z.}7=1, such that f..;(£)— fm+i(X0). According to (3) we have

Vs e N: t((t, f(8)), (&, fmei(8))<V/(h+1)
Since f..; € U(X, Y), we obtain (s— =)

T((Xos Yo), (Xo, fonei(¥0))) = 1/(h+1)<1/h (4)

It follows from (2) and (4) that 7((xo, ¥o), (X0, f(X0))) = =((xo, yo),
(X0, frmei(x0))) + T((X0, f(x0)), (X0, finsi(X0))) <2/h, i.ec.

(X0, yo) € S((x0, f(x0)), 2/h)

According to (1) we obtain (Xo, yo) € U. The proof is complete.

Note that the above theorem remains valid if the assumption “{f,}.-: is
quasi-uniformly convergent to f is replaced by “{f.}--: is almost uniformly
convergent to f. For this case the proof is analogical.

BIBLIOGRAPHY

[1] KocTeipko, [1.-Hi6pyn, T.-Ianart, T.: O Gynkumsx, rpadsl KOTOPLIX ABISIOTCSH 3aMKHYThI-
MH MHOXecTBaMH. Acta F.R.N. Univ. Comen. 10, 3, 1965, 51—61.
[2] Sikorski, R.: Funkcje rzeczywiste I. PWN, Warszawa, 1958.

Author’s address: Received: 6.3. 1980

Jozef Dobos

MFF UK, Katedra algebry a tedrie Cisiel
Matematicky pavilén

Milynska dolina

Bratislava

842 15

287



SUHRN
POZNAMKA O FUNKCIACH, KTORYCH GRAFY SU UZAVRETE MNOZINY
J. Dobos, Bratislava
Nech X, Y si dva metrické priestory. Ozna¢me U(X, Y) mnozinu vietkych funkcii f: X—Y,

ktorych grafy su uzavreté mnoziny. V préci sa uddva postacujica podmienka, pri ktore) je mnoZina
U(X, Y) uzavreta vzhladom na kvazirovnomerni konvergenciu.

PE3IOME

3AMEYAHHWE O ®YHKLHAX,
I'PA®BI KOTOPBIX ABJIIAKTCA 3AMKHYTBIMH MHOXECTBAMH

Y. Ho6ow, Bpatucnasa
[Mycts X, Y pBa MeTpuueckue npoctpaicTBa. O6o3naunM 3HakoM U(X, Y) cucteMy Beex Tex
otobpaxenunt f: X— Y, rpacdbl KOTOpPbIX ABIAIOTCR 3aMKHYTbIMH MHOXecTBaMH. B pabote nannoe

JOCTAaTOYHOE YCNOBHE, NpH KOTopoM cucteMa U( X, Y) siBnsieTcst 3aMKHYTOH OTHOCHTENTLHO KBA3HPaB-
HOMEPHOH CXOJUMOCTH.
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