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ON A PRODUCT OF METRIC SPACES

JAN BORSIK—JOZEF DOBOS

Introduction

There is a natural way of introducing an algebraic structure on a product of
algebraic structures of the same type. For example, if (A, +) and (B, -) are groups,
then (A X B, %), where (a,, b,) * (a2, b.) = (a,+ a2, b,-b;) is a group as well. The
application of this method to a collection {(A,, d,)}.r of metric spaces yields
a mapping (04(x, ¥))(©) = d,(x(1), y(t)) which need not be a metric on [ [ A,, since

teT

its valucs are in R”. However, a metric can be obtained from that mapping by
composing it with a suitable f: R”— R. In fact, the usual metrics on product spaces
(as V(0*+ 0%), max(p, 0), o + 0, the Fréchet metric) can all be described in this
way. Therefore it seems useful to investigate the set #(T) of all such mappings f:
R”— R. A subsct of #(T) (consisting of all nonnegative, monotone, subadditive
mappings vanishing exactly at the constant zero function) is studied in [2]. In [1],
the sct A (T) is described in the special case when T has only one element. In the
prescnt paper we give a complete characterization of #(T) in the general case
when T is an arbitrary set, and establish a necessary and sufficient condition for
fo04 to metrize the product topology. Theorem 2.11 was inspired by a suggestion
of T.Salit.

1. Preliminary considerations

1.1. Definition. Let T be a set. Let d=(d,)..r bc a collection of mappings
d;: Ai— B,, where (A).cr, (B.).r are collections of sets. Define a mapping Qa:

(H A,)2 — ["['B, by (04(x, y))(t) = d(x(1), y(1)) for cach x, ye[| A, teT.

1€T 1eT

3 3
Define a mapping Oq. ([] A') - (rLB’> by Od(xa y7 Z) = (Qd(xv Y)7 Qd(x' Z)’
teT te
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04(y, 2)) for each x, y, ze[] A.. Denote E.,={Qd(x, x): xe ]_[A,}, and F,=

reT teT

={Q.,(x, y):x, ye[[A, x# y].
teT
1.2. Theorem. Let BoImp, be a set (where Imf={f(x): xe€ X} for each
mapping f: X— Y). Letf: B— R. Then fopq4is a metric if and only if the following
three conditions are satisfied :

(1) E.nF,=0,
(2) Vxelmo,: f(x)=0<xekE,,
(3) Vx,y, zelmoa: (x, y, 2)elmos > f(x) = f(y) + f(2).

Proof. Necessity. Suppose that ae EsnF,. Then 3x, y, ze[[A, y#z:

teT
0a(x, x)=a=04(y, z), therefore 0=(fo0a) (x,x) = f(oa(x,x)) = floa(y, 2))
= (fo0a) (v, 2), a contradiction. This shows that E,nF,=0. Let x e Img,. Then
3a, be [[ A: x=gu(a, b), thercfore 0=f(x) = f(oa(a, b)) = (foos) (a, b)<>a

teT

= be>x = pu(a, b)eE,.
Let (x,y,z)elmo,. Then 3a, b, ce[[A: x=p4(a, b), y=o04(a,c), z=

0a(b, ¢), hence f(x) = f(ea(a, b)) = (ff:;a) (a,b) = (fo0s) (a,c) + (fo0d)
(b, ¢) = floa(a, c)) + floa(b, c)) = f(y)+f(2).
Sufficiency. Let x, ye[]JA. Then 0=(fop.) (x,y) = f(oa(x,y)) <

teT

04(x,y)eEs < x=y. Let x, y, ze [ | A,. Then ou(x, y, z) € Imay, hence (fo0.)

teT

(x, ¥) = f(0a(x, ¥)) = floa(x, 2)) + fl0a(y, 2)) = (fo0a) (x,2) + (fe04) (¥, 2).

1.3. Corollary. Lct h=(h,),.r be a collection of mappings h,: C:— D,, where
(Cier, (D))ier are collections of sets. Let E,=E,., E,nF,=0, Imp,cImg,,
Imo,cImoy. Let BoImo, be a set. Let f: B— R be a mapping such that foQ4 IS
a metric. Then fopx Is a metric.

1.4. Propesition. Let f: A— R and g: B— R be mappings, wherc A, B>1Img,.
Dcfine a mapping f+¢g: (AnB)—>R by (f+g)(x) = f(x)+g(x) for each
xe AnB. Define a mapping max(f,g): (AnB)—> R by max(f, g)(x)
= max(f(x), g(x)) for each xe AnB. Let fops and gop. be metrics. Then
(f + g)ops, max(f, g)-ps are metrics.

Proof. Let xelmg,. Then O0=(f+ ¢)(x) = f(x)+g(x) < f(x) = 0&g(x)
=0« xeE; Let(x,y,2)elmos. Then (f+ g)(x) = f(x)+g(x) = f(y)+f(2)
+ g(y)+g9(@) = (F+g)y) + (f+9g)(z). Then by 1.2, (f+ g)opu IS a metric.
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Let x €Im 4. Then 0= (max(f, g)) (x) =max(f(x), g(x)) < f(x) = 0&g(x)
= 0 < xeE,. Let (x, y, z2)€Imo,. Then f(x) = f(y)+f(z) = max(f(y), g(y)
+ max(f(z), (2)), g(x) = g(y) + g(z) = max(f(y), g(y)) + max(f(z), 9(2)),
i.e. (max(f, g))(x) = max(f(x), g(x)) = max(f(y), g(y)) + max(f(z), 9(z))
= (max(f, g))(y) + (max(f, g))(z). Then by 1.2, max(f, g) is a metric.

1.5. Proposition. Let {f,})7, be a sequence of mappings f: C,— R, where
C.oImg,. Let {f.(x)}>: converge for each x e f:lC Define a mapping lim f,:

=1

(1 C.— R by (lim £)(x) = lim f(x) for cach x e () G. Let Vx € F.: (1im £)(x) #0.

Q=] =1

Let f.0p4 be a metric for every ie N. Then (lirE f)o04 Is a metric.
Proof. Let (x, y, z)eIma,. Then (lilE f)(x) = lim fi(x) = lirg (f.(y) + f(2)

= lim fi(y) + lim f(z) = (lim f)(y) + (lim f)(z). Then by 1.2, (lim f,)o 0. is

a metric.

1.6. Corollary. Let E f. be a series of functions f,: C,— R, where C,oImo,. Let

> fi(x) be convergent for each x € [\ C,. Let f,0p4 be a metric for all i e N. Then
i=1

i=1

(lim Zf,-)og., = (Eﬁ)ogd is a metric.

ne=® =1 i=1

Proof. By 1.4 (Eﬁ)o@d is a metric for any ne N. Let x € F,. Then Vie N:

=1

£(x)>0, therefore Yn e N: Sfi(x) Z fi(x), iic. (nm zf..) (x) = lim Sf(x) =
=1 n—e® = n—® o

f(x)>0. Then by 1.5 (lim D f,.)og,, is a metric.
n—®

1.7. Proposition. Let f=(f)..: be a collection of functions f,: C,(— R, where
C.oImp, and I+ 0. Let the sct A, ={f.(x): telI} be bounded above for each

x €[ C. Define a function sup f: [\C,— R by (supf)(x) = supA, for each

tel rel

x €(C. Let fiopa be a metric for every tel. Then (supf)ooq is a metric.

tel

Proof. Letx e Fy. Then Ve e I: f,(x) >0, thus A, (0, «), i.e.sup A, >0. Hence
Yxelmps: (supf)(x)=0 < xe€E,. Let (x,y,z)elma,. Then Viel: f(x) =
fi(y)+ fi(z) = supA, +supA,. Then by 1.2 it follows that (supf).p. is a metric.
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2. Characterization of / (T')

2.1. Definition. Let T be a nonempty set. Suppose R” is ordered coor-
dinate-wise, i.e. x=y (x<y) if and only if x(£)=y(t) (x(¢)<y(t)) for each x,
y€RT, te T. Define a function @: T—R by O(t)=0 for each te T. Denote
T"={xe R": xZ @). Denote by M(T) the sct of all functions f: T* — R such that
fo0a Is a metric for every collection of metrics d =(d,),cr.

2.2. Proposition. Let f: T"— R be a function such that

(i) f(@)=0,

(if) 3a>0VxeT", x+ O: f(x)e (a, 2a).

Then fe M(T).

Proof. Let d=(d,)..r be a collection of metrics d,;: M,XxM,— R. Then
E,={©)}, ©¢F,, hence E;,nF,;=0. Let xelmg,. Then f(x)=0 < x=60 <«
xeE;. Letx,y,zelmgoa, (x,y,z)elmo.. lff x =0, then f(x)=0 = f(y)+f(2). If
y=©, then x =z, hence f(x) = 0+ f(z) = f(y)+f(z).If z= O, then x =y, hence
f(x) = f(y)+0 = f(y)+f(2). If O{x,y,z}, then f(x) = 2a=a+a =
f(y)+f(z). Then by 1.2 we see that fop, is a metric.

2.3. Lemma. Let fe M(T). Then
VxeT :f(x)=0x=0.

Proof. Let p: S XS— R be a metric such that Va = 03x, yeS: o(x,y)=a
(for example S =R, o(u, v) = |u—v| for every u, veR, x=a, y =0). Define
a collection of metrics d=(d,),er by d,/=p for each teT. Then Imp,=T",
E;={©}. Hence by 1.2 it follows that Vxe T": f(x)=0 < xe€e E; < x=6.

24. Lemma. Let fe M(T). Then Vx, y, zeT":
(x=y+z&y=x+z&z=x+y)> f(X)Sf(y)+f(2).

Proof. Let o: § X $— R be a metric such thatVa, b, c=0,a=b+c,b=a+c,
c=a+b3x, y, ze8: olx,y)=a, o(y,z)=c, o(x,z)=b (for example
S=RXR, o(u,v) = |lu—vl|| for each u, ve R xR, x=(a/2,0), y=(—a/2, 0),
z2=((c*-b*)/(2a), (V({(a+b+c)-(a+b-c)-(a=b+c) - (—a+b+c)))(2a))
for a# 0, z=(b, 0) for a =0). Define a collection of metrics d =(d,),er by d,=p
for all teT. Let x, y, zeT", xSy+z, y=x+z, z=x+y. Since
{(x,y,2)e(T"Y:x=Sy+z,ySx+z,z=x+y}cImo,, by 1.2 we obtain f(x) =

f(y)+ f(2).

2.5. Lemma. Let fe M(T). Then

(i) Vx, yeT": f(x+y)=f(x)+f(y),

(if) Vx, ye T : x =2y 2 f(x)=2f(y).

Proof. Letx,ye T".Since (x+y) S x+y, x=S(x+y)+y,y=(x+y)+x,by
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2.4 we have f(x+y) = f(x)+f(y). Let x, yeT", x=2y. Since x=y+y,
y=x+y, by 2.4 we get f(x) = f(y)+f(y) = 2f(y).

2.6. Theorem. Let f: T"—R. Then fe M(T) if and only if

() VxeT": f(x)=0+x=06,

() Ve, y, 2eT": (x=Sy+z&y=x+2z&z=x+y) D f(x) = f(y) +f(2).

Proof. Sufficiency. Let d = (d,).e+ be a collection of metrics d,: M, X M,— R.
Then E; = {©@}, © ¢ F,, therefore E;nF,=0.Let xeImp.c T". Then f(x)=0 <«
x=0 <« xeE, Let (x,y,z)elmo,. Then x=y+z, y=Sx+7z, z=x+y, hence
f(x) = f(y)+f(2).

Necessity. By 2.3 and 2.4.

2.7. Proposition. Let f, ge M(T). Then f+geM(T), max(f, g)e M(T).
(See 1.4)

2.8. Definition. Let (M, d) be a metric space and let Q denote the first
uncountable ordinal numter. The transfinite sequence

(1) {a§}§<0

of elements of the space M is said to be convergent and to have a limit a € M if for
each £ >0 there exists an ordinal number a < Q such that d(as, a) <& whenever

a=E< Q. If (1) has a limit a, we write lim a; = a (or briefly az— a). (See [3], [4].)
E—0Q

2.9. Definition. Let X be a set and let (Y, d) be a metric space. The transfinite
sequence

(2) {fe}e<a

of functions f:: X — Y is said to be convergent and to have a limit functionf: X —» 'Y

if for each x € X we have lim f:(x)=f(x). If (2) has a limit function f, we write
E-Q

lim f, =f (or briefly f.— f). (See [3], [4].)
£ 2

2.10. Lemma. Let (M, d) be a metric space, a; € M(§< ) and ax—a. Then
there exists an ordinal number a < £ such that a; = a for each & with a =E< Q.
(See [4; lemma 1].)

2.11. Theorem. Let fie M(TYHE< Q) and let f—f. Then fe M(T).

Proof. Let aeT". Since fe—f, by 2.10 there exists an ordinal number
a =a(a)< 2 such that f:(a) = f(a) whenever a =5 < Q. Then 0= f(a) = f.(a) <
a=0.

Leta,b,ceT ,as=b+c,b=a+c,c=a+b.Since fe—f, by 2.10 there exists
an ordinal number 8 = f3(a, b, ¢) < such that fy(a)=f(a), fe(b)=f(b), f(c)=
g(c)foreach & with f SE< Q. Then f(a)=fy(a) = fo(b)+ fy(c) = f(b)+ f(c).
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2.12. Proposition. Let {f,};2, be a sequence of functions f, € M(T) such that the

sequence {f(x)}, converges foreachxe T*. Let Vx e T", x# @: (lim f)(x)#0.

Then lim f; e M(T). (See 1.5)

2.13. Proposition. Let > f, be a series of functions fie #M(T) such that the series

i=]

> f.(x) converges for each xe T*. Then <lim Zf,) € MH(T). (See 1.6)
n—® 21

2.14. Proposition. Let f=(f.).: be a collection of functions f, e M(T) such that
the set {f(x): tel} is bounded above. Then supfe M(T). (See 1.7)

2.15. Theorem. Let f € M(T). Then f is continuous if and only if f is continuous at
the point ©.

Proof. Denote by J the usual topology on R. Denote by ¥r thc product
topology on R”. Let £>0. Then

dUer, OeUVxeUNT": f(x)<e.
Therefore there cxists a base element Vc U, @€V, i.e. AFc T, F is finite
nonempty Vte F 3U,e T, 0e U,;: V=[x;'(U.,), where x, is the projection from
R"into R, i.e. m,(x) = x(¢) for each x e‘;T. Letre F. Then3y,>0: (-7, )< U.
Denote y=miny. Then {7z, '((—y,v))cV, therefore VxeT*: (VieF:

teF teF
x()<y) > f(x)<e.
Let xe T", x# ©. Denote §=y/2. Let ye T* be a function such that Vee F:
lx(1) - y(nl<o.
Define a function z: T— R by

z(t)=min(b, x(t)+ y(t)) for teF,
z2()=x()+ y(t) for teT-F.

ThenzeT ', xSy+z,ySx+2z,25x+y,VteF: z(f)<y, hence |[f(x) - f(y)| =
f(z)<e. Therefore VYxeT", x#OVe>03IWeSr, xeWVyeWnT":

lf(x)—f()l<e (W=ﬂ7r," (S(x(1), 6))) and since, by the hypothesis, f is
tcF
continuous at the point @, f is continuous.
2.16. Lemma. Let fe M(T) be continuous. Then
Ve>03xeT", x>0O: f(x)<e.
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Proot. Let £ >0. Since f is continuous at the point @, we have 3U e ¥, O U
VxeUNnT": f(x)<e. Since Ue%r and Oe U, 36>0 IFcT, F is finite
nonempty: (7' (8(0, 6))c U. Define a function x: T— R by x(¢)=68/2 for

ieF

each teT. Then xe UNnT", therefore f(x)<e.

2.17. Proposition. Let T be a finite set. Let fe M(T). Then f is continuous if and
only if

Ve>03xeT", x>0: f(x)<e.
Proof. Sufficiency. Let £ >0. Then for e >0 thereisaeT", a>O: f(a)<e/2.
Since Vxe T : x=2a = f(x) = 2f(a)<e, hence for U=}, (S(0, min a(¢)))

teT teT
there holds Ue %r, O U, Vxe UNnT": f(x)<e, therefore f is continuous at the
point @ and by 2.15 f is continuous. Necessity follows from 2.16.
2.18. Example. Let f: {0,1}"— R be defined as follows:

f({(0, x), (1, y)H)=1 for x#0,
f{(0, x), (1, y)})=min (1,y) for x=0.

Then fe M({0, 1}), f is not continuous and we have
Ve>03xe{0,1}", x+=0O:f(x)<e
(for example x = {(0, 0), (1, min (1/2, £/2))}).

2.19. Corollary. Let T be a finite set. Let fe #M(T). Then f is not continuous if
and only if

In>0VxeT', x>0: f(x)=n.

2.20. Lemma. Let f: S— T be a bijective mapping. Define a mapping f*:
T —>S  byf*(a)=aofforallae T . Let g: S"— R. Then g € M(S) if and only if
(gof)eM(T).

Proof. Necessity. Let ae T*. Then 0=(go.f*)(a) = g(f*(a)) < f*(a)=O «
VieS: a(f(1))=0 < VteT: a(t)=0 <a=06.

Leta, b, ceT",a=b+c, b=a+c, c=a+b. Then f*(a) = f*(b)+ f*(c),
f*(b) = fH(a)+f*(c), f*(c) = f*(a)+f*(b), hence (gof*)(a) = g(f*(a)) =
g(fx(b)) + g(f*(c)) = (gof*)b) + (gof*)(c). Then by 2.6. we obtain
(gof*)e M(T).

Sufficiency. Since f': T— S is a bijective mapping, we have g = (gof*)o(f')* €
M(S).

2.21.Lemma. Let S < T be a nonempty set, i: S— T, i(x) = x. Define a mapping
ix: §"> T for cach a €S by (ix(a))(t)=a(t) for te S and (ix(a))(t)=0 for
teT—S. Let feM(T). Then (foix)e M(S).
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Proof. Let aeS". Then 0= (foix)(a) = f(ix(a)) < i»x(a)=O < a=0O.

Let a, b, ceS™, a=b+c¢, b=a+c, c=a+b. Then ix(a) = ix(b)+ix(c),
ix(b) = ix(a)+ix(c), ix(c) = ix(b)+ix(a), therefore (foix)(a) = f(ix(a)) =
flis(b)) + f(ix(c)) = (foix)(b) + (foix)(c). Then (foix) e M(S) (by 2.6).

2.22. Proposition. Let S be a nonempty set. Let f: S— T be an injective mapping.
Dcfine a mapping i: Imf— T by i(x)=x. Let g: Imf— S be a bijective mapping
such that f=i.g™". Define a mapping f+: S*— T" by fx=ixog*. Let h e M(T).
Then (hofx)e M(S).

Proof. Since by 2.21 (hoix)eM(Imf), it follows from 2.20 that hofs
= (hoix)og™ € HM(S).

2.23. Remark. Let % and & be categories whose objects are noncmpty sets and
morphisms are injective mappings and mappings, respectively. Assign the set #(T)
to cach object T of X. For every morphism f: S— T of the catcgory ¥ define
a mapping #(f): M(T)—M(S) by (H(f))(g) = gof*x whenever g e #(T). Thus
we have described a countervariant functor #M: H — &.

3. Metrization of the product topology

3.1. Lemma. Let d = (d,), r be a collection of metrics d,: Mi— R. Let f e M(T).
Dcnote by Js the product topology on [[ M, and denote by 7, the topology

teT

gencrated by the metric fops. Then Ts < T;.
Proof. Let te T. Let U, be an open set in M,. Let x € ;' (U,), where 7, is the
projection from [ [ M, into M,, i.e. m.(x)=x(t) for cach x € [[ M;. Then x(t)e U,

teT teT
therefore 3¢ >0 S(x(t), €)= U,. Define a function a: T— R by a(t)=2¢ and
a(i)=0 for each ie T - {t}.

Put é=f(a)/2. Let yeS(x,8)ed,. Then (fops) (x,y)<d, therefore
floa(x, y))<d = f(a)/2. By 2.6 we have Vbe T : a=2b > f(a) = 2f(b), or
cquivalently Vb e T*: f(b)<f(a)2 > (b Zal2).

Hence T(ga(x, y)=a/2) and therefore, by definition a, we have d,(x(t), y(t))
= (a(x, Y))(t) < a(t)/2=¢. Therefore y e ;' (S(x(t), €)) < a7'(U,). Then

Vxen;(U)3VeT,, xeV: Vca'(U) (V=S(x,9)),
which implies s < 7.

3.2. Proposition. Let d=(d,),.r be a collection of metrics d,;: M!— R. Put
Hy={teT: M+ @} (where M’ is the sct of all accumulation points of the metric
space (M, p)). Let F, Hyc Fc T, be such a sct that T— F s a finite set. Let i:
F— T bc a mapping defined by i(x)=x. Let fe M(T). Let foix be a continuous
mapping, Then T = J;.
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Proof. Since by 3.1 we have J5 < J,, it is sufficient to prove that J, < Js.

Let xe ﬂ M, and £ >0. The function foi+ is continuous at the point @, i.e.
te T

AKcF, K+ finite 3y>0VyeF': VieK: y(1)<vy) > (foix)(y)<e.
The set T — F is finite, this implies that there exists 3 >0 such that Vie T—F
VyeM, y#x(t): d(x(¢), y)Zp. Denote 8 =min(f, y) and L = Ku(T - F).
Put V= )z;'(S(x(¢), 8)). Then Ve TJs and xe V. Let ye V.

tel
Then Vte T — F: (0.(x, y))(t) =0, this implies ix(g.(x, y)Ir) = 04(x, y). Since
0u(x, Y)|reF" and Ve K: (0u(x, Y)|e)(#) = dilx(1), y(£)) <y, we have (foou)
(x,y) = floax,y)) = (foix) (0a(x, Y|r)<e, ie. yeS(x,e€). Therefore
Vxe[[M Ve>03VeTs: xe Ve S(x, €), ie. I;=Js.

teT

3.3. Corollary. Let d=(d.)..+ be a collection of metrics d,: M:—R. Let
fe M(T) be a continuous mapping. Then s =,.

3.4. Propesition. Let d =(d,),. r be a collection of metrics d,: M;— R. Denote
L ={teT:supImd e R}. Let M, be a nonempty set foreachte T. Let H;n I, be
a finite set. Let i: H,— T be a mapping defined by i(x)=x. Let fe M(T) be
a mapping such that s = 9. Then foix IS a continuous mapping.

Proof. If H,=#, then the statement is true. Suppose H,+@. Then by 2.21
foixe M{H,), therefore it is sufficient to prove that foix is continuous at the point
©. Since M, is nonempty for all ¢ in T, there exists x in [ | M, such that V¢ e Hy:

teT

x(tye M;. Let £€>0. Then S(x, £/2) € 9, Js, hence

AK<T, K#9 finite Iy>0: [\ a7 (Sx(0), y))=S(x, €/2).
te K

Let F be a noncmpty finite set such that Hyn(Kul,)ce F< H,. Let te F. Since
x(t) € M, there exists y, € M, with 0<d,(x(?), y,)<y. Put  =min d(x(¢), y.). Let
teF

zeHz, ze(\n;'(S(0, 8)). Then Vee H, — F Ay, e M,: z(t) = d,(x(1), y.). Define

teF

a mapping y: T— UM, by y(t)=y, for te Hy, y(t)=x(t) for te T— H,. Then

teT

ye rlzr,_‘(S(x(t), ¥)) and ix(z)=20.(x, y), hence

(foix)(2) = f(ix(2)) S2f(0u(x, ¥)) = 2(fo0u)(x, y) <¢.
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Therefore Ve >0 3Fc H,, F+0 finite 36>0
Vz e[, '(S(0, 8)): (foix)(2)<e,

teF

i.e. foix is continuous at the point ©.

3.5. Corollary. Let d, be the usual metricon R forall te T. Let fe M(T). Then
Is =9, if and only if f is continuous.

3.6. Theorem. Let T be a finite set. Let d =(d,). r be a collection of metrics d,:
M;—> R. Let M, be a nonempty set forallt e T. Let i: H,— T be a mapping defined
by i(x)=x. Let fe M(T). Then Js= T, if and only if foix is continuous.

Proof. Necessity follows by 3.4. Sufficiency follows by 3.2.

3.7. Example. Let d =(d,)..~ be a collection of metrics d,: (0, 1/n)*—>R,
d.(u,v) = |u—v| for each u, ve(0, 1/n), where N is the set of all positive
integer numbers. Let i: H,— N, i(x) = x (thercfore i is the identity, since H; = N).

Let f: N*— R be a function defined by f(x)=sup (min (1, x(n))) for all xe N*,
neN

Then we can verify that fe #(N), Ts=J; but foix is not continuous.

3.8. Example. Let d=(d,).~ be a collection of metrics d.: {0, 1}’>R,
d,(0,1)=1 for all neN. Let i: H;— N, i(x)=x (since H; =9, i is the empty
mapping). Let f: N*— R be a function defined by f(@)=0and f(x)=1Vxe N,
x# ©@. Then we can show that fe M{(N), foix is continuous but Js# ;.

3.9. Proposition. Let d =(d,),.+ be a collection of metrics d;: Mi—R. Let E,
H,c E c 1, be such a set that T—E is a finite set. Let f € #{(T) be a mapping such
that Ve>0 3ce T":

(i) AFcE finite Vte E —F: ¢(t)=sup Imd,,
(if) Vte E: c(£)>0,
(iif) f(c)<e.
Then g—s = ﬂ}.
Proof. Letx e H M, and £ >0. Since T — E is a finite set, there exists 6 >0 such

teT
that Vie T— E YyeM,, y#x(t): d(x(t), y)= 9. Further, since £/2>0, there
exists ce T" such that (Vie E: ¢(¢1)>0) & (3FcE finite Yte E-F: c¢(t) 2
sup Imd,) & (f(c)<€/2). Since F<E, we have YVt e F: ¢(¢)>0. Since F is a finite
set, there exists y >0 such that Vt e F: ¢(f) Zy. Let K be a nonempty finite set such
that ((T— E)uF)cKcT. Put V={x;'(S(x(¢), min(y, 6))). Let y e V. Then

te K
Vte E—F: d(x(t), y(t)) = sup Imd, =c(t),Vte T—E: d(x(1), y(£))=0 = c(1),
VieF: d(x(t), y(D)Sy=c(t),i.c. ga(x, y)=c. Then pa(x, y)=2c, hence (fo0a)
(x,y) = floux,y)) £ 2f(c) < 2¢e/2=¢, i.c. yeS(x, g). Therefore xe Ve
S(x,¢€), VeTs. Then F,c Ts.
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3.10. Corollary. Let d = (d,), . r be a collection of metrics d;: M: —R. Let Ve >0
JH T finite Yie T— H: supImd,<e. Let E, Hyc EcT, be such a set that
T—E is a finite set. Let fe M(T) be a mapping such that

Ve>03y>03ce T : (f(c)<e)&(Vte E: c(t)=Zy).

Then Is=9,.

Proof. Let £€>0. Then 3y>0 Fce T : (flc)<e)&(Vte E: c(t)Zy). Then
AH < T finite Vte T— H: sup Imd, <y. Put F=HnNE. Then Fc E, F is a finite
set and Vee E—F: c(t)Zy > sup Imd,. Therefore J5 =9, by 3.9.

3.11. Example. Let d =(d,)..~ be a collection of metrics d,: (0, 1/n*)*— R,
d.(u,v) = lu—v|Vu,ve(0,1/n*). Let f: N"— R be a function defined by f(x)
= sup (min (1, n-x(n))) for each x e N*. Then by 2.6 fe M (N), by 3.9 Ts =9,

neN

but d and f do not satisfy the hypothesis of 3.10.

3.12. Theorem. Let d = (d,), . r be a collection of metrics d,: M:— R. Let M, be
a nonempty set for all t in T. Let fe #M(T). Then Js =9, if and only if

Ve>03FcT finite 30>0VaeNT % JgeT":

(i) Vee(T—-(L,UF)): a(t)Za(t),
(if) Yte(I;—F): a(t)Zsup Imd,,
(iif) Yte(FnH,): a(t)= 4,
(iv) fla)<e.
Proof. Necessity. Let te H,. Then Ix, e M, Ve>0 Iy e M,: 0<d(x, y)<e.
Since VteT: M,#0, we have Vie(T—H,;) dx,e M,. Define a mapping x:
T—»UTM, by x(8)=x, for all teT. Let £¢>0. Since Is=9,, S(x, €/4)e Ts.

Therefore

IF<T, F+@ finite Jy>0: 77 (S(x(2), ) =S(x, £/4).
teF

Let teFnH,. Then 3y, eM,;: 0<d(x(®), y)<y. If FnH,#9 put 6=
min d(x(t),y)>0. If FnH,=@, put 86=1. Let ae NT U 1 et

te T—(I;uF). Then Ay, e M,: d(x(2), y) = a(t). Let te I, — F. If sup Imd, >0,
there exists y, e M,:

d,(x(t), y.)>(1/4)-sup Imd..
If sup Imd, =0, put y, = x(¢). Put y,=x(¢) for each te F— H,.
Define a mapping y: T— | JM, by y(¢) =y, forall te T. Put a = 49.(x, y). Then
teT

f(@)=4-f(oa(x, y))=4-(fo0a)(x, y)<4-e/4=¢.
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Sufficiency. Let x €[ M, and £>0. Since £/2>0, there exists a finite set Fc T

teT

such that

36>0VaeNT U 3T : (Vte (T~ (I,UF)):
a()Za(t))&(Veel,— F: a(t)Zsup Imd) &
&(Vte FnHy: a(t)Z6)&(f(a)<e/2).

Since F— Hj is a finite set
Jy>0Vie(F-Hy) VyeM, y#x(t):d(x(t),y)=y.
Let K, FcKc T, be a nonempty finite set.
Put V=7, (S(x(¢), min(y, 8))). Let ye V. Let t e (T — (I, UF)). Then there

te X
exists a positive integer n, such that d.(x(¢), y(¢))=n,. Define a mapping a:
(T-(L.uF))»>N by a(t)=n for each teT—-(I,UF). Then JaeT':
Vte(T—(I,UF)): a()Za(t)) & (Viel,—F: a(t) 2 suplmd,) & (VieF:
a(t)=90) & (f(a)<e/2).

ThenVtel, — F: d(x(t), y(t)) = sup Imd, =a(t), Vte FnH,: d(x(1), y(£))< b
= a(1), Vee(T—(L,uF)): d(x(1), y(1)) = a(t) = a(t), Vte F—H,: d(x(1),
y()=0 = a(r), ie. 0«(x,y)=a. Then gs(x, y)=2a, hence (fop.) (x,¥)
= floa(x,y)) = 2f(a)<2-e/2=¢, ie. yeS(x, €). Thercfore x e V< S(x, ¢),
VeJs. Then ;< Ts.

3.13.Example. Let d be a collection of metrics from example 3.8. Define
a function k: N* — {©®} - N by k(x)=min {n € N: x(n) + 0}. Define a function f:
N">R by f(x)=e*“ for xe N*, x# O and f(©)=0. Then by 2.6 fe #(N), by
3.12 95=9;, but f and d do not satisfy the hypotheses of either 3.2 or 3.9.

REFERENCES

[1] BOBOW, N.~BOPCHK, H.: O ¢yHKuMIX, KOMIOZHLMSA C METPHKOH KOTOPBIX SBJISETCH METpPH-
ko#, Math. Slov., to appear.

[2] NEUBRUNN, T., SALAT, T.: Uber cine Klasse metrischer Raume, Acta F.R.N.. Univ. Co-
men. 10, 3, Math. 12, 1965, 23—30.

[3] SIERPINSKI, W.: Sur les suites transfinics convergentes de fonctions de Baire, Fund. Math. 1,
1920, 132—141.

[4] SALAT, T.: On transfinite sequences of B-measurable functions, Fund. Math. 78 1973, 157—162.

Received October 17, 1979

Jdn Borsik
Belanskd $tvrt 550/B
033 01 Liptovsky Hridok

Jozef Dobos
966 54 Tekovské Nemce 261

204



O NMPOU3BENEHUHU METPUYECKUX IMPOCTPAHCTB
Sin Bopcuk u Hozed Jobow
Pesrome

Iycts T spnsiercs HenyCThIM MHOXeCTBOM. O603HauKMM A (T) MHOXECTBO BCeX OTOOpaXeHui f:
{xeR"; VieT: x(1)Z0} - R, nns KOTOPbIX
(1) d(x’ y)=f({d,(x,, yl)}l!T)

RBITACTCA MCTpHKOfl Ha MHOXCCTEBC

[1M,

reT

AJi8 KAXOOro CeMEeHCTBAa METpHUecKHX HpocTpaHcTB {(M,, d;)}. - B 3TOit pabote Mbl npegnaraeM
xapakrepusauuio muaoxectsa H(T), a TakkKe HeoOXOAMMOE M AOCTATOYHOE YCIAOBHE METPU3ALIKK
TOIMOJNOTHH NPOU3BEIEHHA Ha

[1M.

teT

npu noMoiy MeTpukH (1).
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